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Resank,

About fortyfive vears ago M. Poneelet made a solution of the
Fourneyron turbine which. for its thoroughness and the direct-
ness of its analysis, has beeome elussical ( Comprtes Renedus, 1535),

b that writer neglected the frietional (and other) resistances
within the wheel, and assumed that the buekets, or passages in
the wheel, were eonstantly full.  The former is an important
clement in the theory, and its eonsideration makes the analysis
Lt little more eomplicated.

Weishueh, in his Mydrauiic Motors, gives a solntion in which
frictional resistances are involved, and the seetions of the stream
at the antlet of the supply chamber, the entrance into the wheel,
and all the seetions of the buckets are determined when the
wheel s for hest efficiency. The formulas, however, are so
complex that but little practical knowledge can be gained from
their general diseussion. [ have, therefore, azsumed that the
wheels here diseussed have about the proportions made for com-
mereial purposes, and deduced eertain numerieal results which
ave cntered in tables ; and a simple examination of these farnishes
eartain desirable information.

The driving power here considered is that of an ineompressible
fluid, which in praetice will be water. The steam turbine or
those driven by a compressible fluid are not i
structed like water turbines, and no theory for such is here at-
tempted,

n practice eon-
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1. Tee motors here analyzed may be called *reaction
wheels,” or “pressure turbines.” Some writers call those
wheels “ pressure turbines ” in which the water has a “free
surface,” and these by others are called “ turbines of free devi-
ation. [Weisbach, Hydraulics, efe., p. 421.) The former term
is somewhat ambignous when applied to wheels in which the
water in the buckets has a free surface, and, thercfore, the
term * free deviation ™ will be applied to such.

There will first be given a general solution of the  pressure
turbine,” and the other turbines will be considered as special
cases of the more general one.

2. Notalion.

Tiet ¢ he the volume of water passing throngh the wheel
per second,

d, the weight of unity of volume of the water, or 62} proumds
per cubic foot; then

df) = W will be the weight of water passing through the
wheel per second,

i be the head in the supply chamber above the entrance
to the bnckets,

%, the head in the tail race above the exit from the bucket,

%, the fall in passing through the buckets,

H =k =+ — ks, the effective head,

U7, the useful work done by the water npon the wheel,

R, the work lost by frictional resistances, whirls, ete.,

1y, the eoefficient of resistance along the guides,

iy, the eoefficient of resistance along the buckets,
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1, the rading of the initial rim,

ty the radius of the terminal +im,

2, the radius to any point of the bucket,

n=1-ry the ratio of the initial to that of the ferminal radius,
V, the velocity of the water issning from supply chamber,
vy, the initial velocity of the water in the bucket in reference
to the bucket,

u, the velocity
along the bucket
at any point,

va, the termi-
nal  velocity in
the buelkef,

wy the velocity
of exit in reler
encs to the earth,

e, the angalary
velocity of  the
wherl,

e, bermingl
anrle between

Fic. 1. the gaide and in-
itial rim — (04 5,

. angle between the initial element of bueket and initial
rim = KA T

p: = GFT the angle between the terminal vim and terminal
element of the buclket,

# = HFY angle botween the terminal rim and actual diree-
tion of the water ot exit,

p; the pressure of water al entrance of the bucket per unit
area,

P the pressure of water at any point of the bucket,

e the pressure of water ot exit,

Py thie pressure of an atmosphere,

@ = eby the are subtending one gate opening, Fig, 3,
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a,, the sre subtending one bucket at entrance. (In Fig. 3,
a and oy appear to he the same but in practice they ave usually
different, ¢ being greater than .

a; = fh, the are subtending one bucket at exit,

K = If, normal section of passage, it being azsnmed that
the passages and buckets are very narrow,

by = bif, initial normal section of bucket,

feo == i, terminal normal section,

T, the depth of K, 3 of &, and 3, of L.

Then
.

K= ¥osin o, ==

F = gty min py g o~ (1) e ey
ky = otz 510 o, | :
1
wi, — veloeity of initial h,
Tim, :
s = velocity of terminal I
o - 1
rim. :
iy

3. (Feneral Sofution.

Beginning with the pres-
gure on the top of the supply
chamber, the relation between
the heads. notual and virtual, will be determined to the point
of discharge from the wheel.

The pressure per unit on the npper surtaes of the supply
chamber will be that of the atmosphere, or

Flis
and the corresponding virtual head in terms of a column of
water will be
Pu,
o
The head in the supply chamber above the entrance to the

wheel will be
by
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therefore, the total head above the initial element of the bucket
will ba
.F-!-i += L:.lll- %
0

This head produces an aectual pressure p, at the entrance
to the bucket and the velocity I of exit from the guides;
hence, aceording to Bernoulli's theorem, the heads due to the
pressure p, and veloeity 17, will equal the former, or

:r.-":
hoedt=Elg g L (B

(] ¢
ap=pat S —dg . (D)

which will be the theoretical pres-
sure at entranee to the bueket if
friction be neclected. Represent
the head lost by friction by

e
| T-_?_-:l;r-,

which must also be overcoms by
the head in the supply chamber,
g0 that we have, by adding it to
the second member of (2} and transforming,

L~ ;
(1 + ) V= 2gh; + 29 IKP”—.'E"‘). S i B ]

a
The triangle of velocities ABC, Fig. 1, gives

ingn oo eingh

=
sin (er + 3]

= e e R
O O T

BITL 4F [ ﬁ'l

tho== mre—y L [ £ it e .
1 sin (o + 1) 1

The relation between the initial and terminal velocities in
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the bucket involves the velocity of the wheel and the pressure
in the bucket,

Lot w be an elementary mass at a diatance o from the axis
of the wheel, then will the centrifugal foree be

e,

and if this element by moving a distance s in the tube also
moves outward a distance dg, the work done by the centrifugal
foree will be

Fear (i o

It the tabe ior buceket) be ¥
inelined dewnward, the work
done 1or energy acquired) by
the welght in flling a distanes
dz will ha

Hgiz,

These two works will be ex-
pended in the following ways :

a. Ingressing the enevgy of (ha water in the tube in rofer-
enca to the tube by an amount

fha, 4.

5 md (),

b, In doing work againgt the difference of pressures on the
two fnces of the element, and considering the back pressure
p grester than the forward pressuve p, the work will be
il

Ll i
whaore dp = § is equivalent to o head through which sy would
work.

o In overcoming frictional resistance. The law of frie-
tional rosistances is not well known, but is assumed fo vary
ag the ecnersy of the mass and welled perimater. The pe-
rimeter iz here discavded, henee the work will be
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Je ok anarels,

Hemee wo have

w4 et gy = weed (0R) e Ji{“ + 4 _uuv;r.:u"r.l'.u. S|

PBut the last term eannof be integrated unless ¢ be a
known function of & and sinee this is not known, we make v =
v, the terminal velocity. The coeflicient g, is determined
independsntly of the length, and includes the value ps, when
# is the length of a bueket.

Integrating between initial and terminal limits gives
ra-.n"’_-_f_ff — ) _ oyt — 1 e i 8)

2 T CEES e

L e

The fall z, is so small in practice compared with the next
term of the equation, that it may, and will, be omitted, giving

§ . A 3 15 ;
(L 4+ gt = + o (' — 0y} — 2!’1";I| _—r]-.—'jl—h', A
which gives .,

At exit the pressure will be
pe— o nt AR e (10

The velocity of exit, relative to the earth, will be
o ==l oot — BpoaracoRde o . 0w (11}
The work done upon tha wheel will be the initial {poten-
tinl) encrgy of the water less the energy in the water as it

quits the wheal, still further diminished by the energy due to
frietional losses ; or

H=SQH=—§Q%—I£, O

o e oy :
F—Ma‘@—gg‘l‘ﬂzﬂgﬁ-- « oo (18)



A sufficient namber of equations have now been established fo findl, by elimination, the
useful work 7 in terms of the angulsr velocity o and known constants; and the ctiieieney
will be 7 divided by the theoretical work the water was capable of doing,  Performing the
operifions, there will be found

1 L.l'
i
‘T“(I:.}H
— cos o 8in (-r' )’ |
r —_ el b Db e 1 T et
e vl e 1 sin (o + 1) N/ rale CO8 ¥

¥
gt +

_.-I_ i Ir"'.’! 08 e Bin T "in’ Jron At
o Yy P izl N A
.‘j g I ,!1 ey b e J';}j ("’u) &

1
RO

I'I.FI

=

# 0 dedues (141,

i T
‘:{; — T g — ey W egmad, froam (L nnd 12) = 898 — (1 pta) ole — wifry & R0 008 Janly - 2 1°F fpom (11}
- Dy P08 g N : T
— Dl — pd — Sty i ﬁﬂw 4 Dghs. — iy [z _F.I_j"' "i 1 Bty — S = 2y Ha n-j_ — Dok
+' ary
by mouns of 9 aod 10}
From (4} '-’ﬁf‘ﬂ" _ﬁ: R | T e 2 ghi
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115,

— |_— J}""?‘Er.r b e08 1y qurJ_IH' : j’lb-'l.r-'n'=&‘|*] Tatsd

when
—‘I -
gl PP

- = -T_.*l ey GOE or sm ¥ ]
"Vrl + i--l. _I_ f3 i-H.Il ek - lej\?gj 3

W e rZeosasingy si:ll'_.
\Ll-lplrr + Fil

For maximum officiency make « 5 -+ e

for w, ealling this partienlar value @),

i, ___='u.-r,r.f1r M — s M=
'/\ b~

then

(1

1
bain’ (o )/ I'-._.hg)

2 costy,
i

* pnatyy

.

113

|42
= in (187 and solve

. (18}

which value substituted in equation (15) will give the maxi-
wum efficiency.  Then equations (5}, (6], hacome

: gin

, = ; L] E I...IIJ‘

sin (o -+ 37)

O e ain ev

w810 (1 )

Also from (9}, (100, (45, [1'?]' (185,

Put
‘H.II.’ . — B =in’ ,J’
Bl e 4 Jf.}

I

Lm Pl

sinfe —ainfp,

Boain (o 4+ 000 eos e gl ey

Lo o 8103

A Hn e )"

LI P
which substisuted ahove will give wguation L'ldgi;.

T s el g — ) S sin (kg ) ons o sin

L

%,
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£ CO8 o Bin 3111 ¥ i 7
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The normal seetions of the buckets will be

T — ‘EJ ; kl f— ?."J_; ﬁ:’-g == E:'; ; = !? A0 {Eu.-l
£ 5 -|| | (:':: u

¥

The depths of those sections will be

\ i e iy
o v e S SRy 2
¥= A o? b 4 310 1) - e o Ean 7 R {El}l
i A
DISCUSSION.

4. Three simple systems are recognized.

¥y < 1y, called outward fow,
7 = 1y, called dnwerd fow.
¥y =y called paraliel flow.

The first and second may be eombined with the third, mak-
ing a mized gystem,  The thivd, in theory, is really an inward
or cutward flow, with an indefinitely narow erown, althongl
the analysiz applies to a parallel flow wheel, in which the
width iz indefinitely small, and depth small compared with
the total head.

8. Value of oo the quitting angle.

'I:-"q_lmtimm {14} and (15) show that the efficiency 18 increased
a8 cos 7y is inereased, or as v, decreases, and is greatest for p.=0
Henece, theoretically, the terminal e]emen* of ch bucket should
be tangent to the gquitting rim for best efficieney.  This, how-
aver, for the discharse of a finite quantity of water, would re-
guive an infinite depth of bucket, as shown by the third of equa-
tions {21). In practice, therefore, this angle must have a finile
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value  The larger the diameter of the terminal rim the smaller
may be this angle for a given depth of wheel and given quontity
of water discharged.  Theovetieal consideralions fhen would
vaquive, for hest efficiency, 2 very laree diameler for the guit-
ting vim, and a very amall angle, 3o, between the terminal ele-
ment of the bocket and the rim ; but commereial considern-
fions require some sacrifiee of best efficiency to cost, so that
a smaller diameter and larger angle of discharge 18 made.  If
wheels are of the same dinmeter and depth, the inward flow
wheel requires a larger guitting sngle for the same volume
of water than the ontward flow,sivee the discharge rim will be
gmaller in the former than in the latter wheel, and the veloomty
e 1M, will also be less.  In practice p. is from 10 to 20°

(b, fielalion defween po oand o,
Equation (16) when put under the form

e — ] ]ri ,-"Ir ] 1
Ny ‘ 1"';I N¥cog 3y
e =

(22)

shows that o increases as p. decreases, and is largest for
pa = 05 that is, in 2 wheel in which all the elements except 1
are fined, the velseily of the wheel for fest effect anust fncrense as
Hee guilting angle of the buekol decreases,

1t the terminal element be radial, then 1 = 90, and equa-
tion (22) gives @' = 0; fhat is, for minimum efficieney the
whes] mnst be at rest, and no work will be done.

Y. Falues of o+~ ary,
It o + py = 1807, and o and p; both finite, then will [ and
N in (153 both be infinite ; but equation (5) gives
:-J:M., [ SR s . e A II'23_]

gin v, :

that is, the wheel will have no motion, and no work will be
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done. If @& + 3, = 180°, then the terminal element of the
rl_f'll_i':.ll'_" ;am] the initial eloment of I‘.]h.r bneket have o comrmon
tangent, in which case the stream ean flow amoothly from the
former into the latter only when the wheel is ab rest. (See
Fig. 5.

If & + 1, exeead 1807, o would be negative, and it would
I necessary to rotate the wheel backwards in order that the
water should flow smoothly from the guide into the bucket.

It follows, then, that & + 3 must be less than 1807 bat the
best relation eannot be determined by analysis; however,
ginee the water shonld be deflected from its course as much as
possible from its entering to its leaving the wheel, the angle «
for this resson should be as small as practicable,

8. Falues of w.
If e = 0, equation i14) will reduce ta

‘—l vl =+ ts [_ F'-_.I ‘L r.l-.!], )

vl
fl.l::'l,lff-v'r! TE

vy 008 Ve A 20 4 (re — 21y — gt & | .. (24)

which is independent of j, ; henee, for this limiting case, the
efficioncy wﬂl be indepandent of the imtial angle of E]w buclet,
This is because the water enters the wheel tangentially and
therafore has no radial component that wonld give an initial
velocity in the bucket ; and equation (18} shows that the ini-
tial velocity @, would be zero, while (17) shows that the veloecity
of the initial rim must equal that of the water flowing from the
gnides, or
2 V= ayy.

For the limifting, or eritical case,

=0 e =0, =10, p=10;

the velocity producing maximum efficiency will be, from eqna-
tion (16,
L e e e e R
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o1 the veloeity of the initial rim, if the wheel be frictionless,
will ba that due to half the head in the snpply ehamber,
If vf = 2", then
Fan sl S w0 L R

or the velocity of the terminal rim will equal that due to the
head.  Bubstitutine in (197 the values o =0, 1y, =10, 15 = 0,
sy = (r® = 2% and 1t will reduce to
g = opBa i n s e R
as it should.
The following table gives the values of quantities for the
three classes of wheels :

TABLE L.
o= [, Fe=1 oy =10 e =1
- ]
VELOCITY oF Valociy [ VELOCITY 18 Brieser. |
[ Exic | Velosity :
THws e one| ey Mttt e of Bt JLItu:_Lquc;.-.
W IERL, . Ouater Criida ImltEal Terminal | e i
Inner Kim. Rim i ¢ | Y |
: ; 1 3
iy TR

ro=afire] AEH WS Vel | g0 | A2E | 400 | 1000

P— _1!'5'&’_ VIH | sfelH | ggp | VEH 0.00 | 1.000

1 1 Gy |

ri=lide, 0.TI4V gH /gH vgH | 000 | Tidy/gH| 0.00 | 1.000

In the first case the inner rim is the initial one, in the
third case the outer rim is initial, it being an inward fow
whesl.

Sinee, in this case, the velocity of admission to the wheel
in reference to the earth is that due to half the head in the
supply chamber, and the veloeity of exit is zero, it follows
that the energy due to the veloeity is all imparted to the
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wheel; and the energy due to the vemaining half of the head
is imparted o the wheel by pressure in the wheel. If the
velocity of entrance to the wheel be that due to the head, or
Ve = 2l then will no ensrgy be imparted to the wheel on
aceonnt of prassure exerted by any part of the head /A, but if
V5 < 2g 0, then will some of the work be done by this press-
ure, « being zero,  For the ecases in Table L, the energy fi-
prevted to the wheel will be due one-hali® to velocity and one-holf lo
pressve ; or In symbols,

U= 3MV? - W H

=k {: AE AW = i, . {ﬂﬁﬁ

or, the enfive potenlinl enerey of the wi t.im will be expended
in work npon the wheel.

Whenever 17 < 2047, the pressure ab entranee muost exesed
the external pressure at exit, and
==
it S S M 1
H

then will he the part of the head producing pressure in the
wheel.

In practice, « cannot be gero and is made from 200 o 307,
When other elements of the wheel arve fixed, the value of o
may be determined so as fo seeure o cerfain amount of initial
prassure in the wheel, as will be ahown hereafter,

The value », = Ldr, makes the width of the crown for
internal flow rﬂmut the same as for », = /L, for outward flow,
being approximately 0.8 of the external radius.

9. Voluwes of p, and .,
The frictional resistances depend not only upon the con-
struetion of the wheel as to smoothness of the surfaces, ahar
s -



| 4 HYDRATLIC MOTORS.

ness of the angles, regularity of the eurved parts, but also
upon the mauner it 18 run; for if run too fast, the initial ele-
ments of the wheel will euf across the stream of water, pro-
ducing eddies and preventing the buckets from being filled,
and if Tun too slow, eddies and whirls may be produced and
thus the effective szections be reduced. These values cannot
be definitely assigned beforehand, but Weisbach gives for
sracil conditions,

T T VR R T ik

They are not necessarily equal, and x, may be from 0.05 to
0.075, and 4, from 0.06 to 0L10, or values near these.

10. Velues of .

It has alveady been shown that », must be less than
180° — «, If p, = 9, equation (14) shows that the efficiency
of the frietionless wheel will be independent of a.  The effect
of different values for p, is best observed from numerical

results as shown in the following table :

TABLE 1L
Let. o = 297, g = B iy, = iy = 0.10.
S, | :
IxiTiaL Efiita ¥y 1.4,
ANGLE. e S
- I = L T | B .
(1 @ (B 4} i) (B} i

B0® | 1.899 /g | R12 | 8344l || THOW/gH
¥ |

11 | 1.002/9H

a= 1 294 AT BlE f R o BN I
100 | 1,078 v .ms| _T68 - 576 | 808 | 808 -

1502 Ii A8 |.m g6 ¢ || 2 o= | ime | cBTE ow

The values @'r, in eolumns (2) and (5) are velocities for the
terminal rim, which in eolumn (2) are for the exterior rim, but
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for column (5) it is the imterior rim, while column (7) 15 for
the exterior rim.

Columns (2) and (7) show that the velocity of the outer
rim ig less, for maximum effeet, for the inflow than for the out-
tlow, for the same size wheel.

Colutan (3) shows that the efficiency, £ decresses as the
initial angle of the bueket, », inereages up to 120°. This
maximum will be for this wheel with this amonnt of friction.

Colnmun (6) shows that for the inflow wheel the effieiency
continually decreases as p inereases. If the head and guan-
tity of water discharged he constant, the work wonld be pro-
portional to the e fHeiene v ; for, from equation (14,

(a0 P e e R
The effect of 1, on the veloeities is shown in Table TIT.

TABLE 111

Lt ir = 257, ) o | ey =g =010, =

e r,v"]: ry= 1ot g,
Ine
TIAL |7 S e T | - : —
|‘|:\_4.-I.!-' |r | oo | w | i | 1- £ R T I e [
' Vit 1.r.w Vi A ff,;,r

|.-_rﬂ' ‘,"'r.l.l'f ¥t | ¥alr el u-f-' : r.rH

1 ¥ .Elil MR 144711, 210 2,625 | D500 4631  T0171.048 210001 814
g0* | L06h 403 1. 8TRILLIMT 2480 JTEG 1,068 448 470 DRI 4T

1207 [1.1600 6601 153] (2060 1.795 8% 1.217 509 000 821140801 .658
150" (20000795 (621] 478 (5691610 2.080 1.741 206 485 .:is-ii!!.ll'm

For commercial considerations it may be necessary to sac-
rifice some efficiency to save on first cost, and to aveid making
the wheel unwieldy.

I'rom equation (4) it appears that the pressure in the wheel
at entrance, j, diminishes as the velocity of admission, I, in-
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creases, and. according to equation (5), 17 depends upon
when o 15 fixed. Since the crowns are not fitted air tight nox
water tight it is desirable that p, shoulldl exeeed the pressure
of the atmosphere when the wheel runs in free air, or the press-
ure p. + p, when submerged, to prevent air or water from fiow-
ing in at the edee of the ecrown. It will he shown heraafter, in
disenssing the pressures in the wheel, that we should have

— B0y, SRR, o o o w e e 05
or, L8O T
or, vy < 1807 — B,
If et = 3,
then ¥ = 1207,

To be on the safe side, the angle p, may be 20 or 30 degrees
less than this limit, giving

p1 = 1807 — 2v — 35 (say)

= 166 — Za.

Then if « =307, 3, = 95°. Some designers make this angle
g0, others more, and still others less than that smount. Weis-
bach Htl;_{,'.;nﬁtﬁ that it be less so that the bucket will be shorter
and friction less. This reasoning appears to be correct for the
inflow wheel, for the size and conditions shown in Table IL.,
buf not for the ontflow wheel. In the Tremont turbines, de-
seribed in the Lodel! Hydrawlic Esperiments, this angle is 90,
the angle o, 20°, and 34, 107, Fowrneyron made y, = 90°, and
e from 807 to 83 .

In Table ITL it appears that for j, = 150°% F = 2.1 +/qH,
which exeeeds +/ g H; that is, the velogity of exit from the
supply chamber exceads that due to the head, which condi-
tion must vesult from a negative pressure at entrance info the
wheel, For zero pressure for the frietionless wheel, the alove
condition gives

y, = 180" — 2a,
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which for &= 25°, gives 3, = 130", and for v, = 15i1", the press-
ure would he negative, and for 120 it would be positive It
appears that for the wheel with friction, considered in the table,
that this pressure is also positive for p, = 1207, and negative
for 1507

L1.. Form of Bucket.

The form of the bucket doss not enter the analvsis, and
therefore its proper form cannot be determined analytically.
Ounly the initial and terminal directions enter direetly, and from
these and the volume of the water Howing through the wheel,
the area of the normal seetions may be found from equations
(207

But wall-known physical facts determine that the changes of
curvatore and section must be eradual, and the general form
ragular, so that adidies and whirls shall not be formed.. For the
game reason the wheel must be ran with the correet veloeity
to secure the best effect ; for otherwise the effective angles o
and y;, may be changed to values which ecannot be determined
beforehand, in which case the wheel cannot he correctly ana-

Ftia, 6.

lyzad. In practice the buckets are made of two or three arcs
of eireles mutually tangential at their points of meeting. Also,
if the normal sectinns, K, &, b, of the buckets as eonstrueted
do not agree with those given by computation, the stream will,
if possible, adjust itself to true eonditions by the formation of
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eddies.  If the teiminal sections at the guides, or the initial
section of the bueket, be too small, the action may be changed
from a pressire whedd to one of Jree deviation.  So long as the
pressure in the wheel excesds the external pressure, the pre-
eading analysis is applicable for the whesl running for best
effect, obaerving that the seetions K, I, I, are not those of
the wheel, but those which ave eomputed from the velocities
]:l '.‘I’ by

12, Velve of 63 or divection of the quitting water.

From Tig. 1 it may be fonnd that

WeoB =, co8 ju— @1y . o . . (33
aned R = vesingg ) o oA e w A (84
'y,

— Seetob = cot oy — (15}

L -l

Py Bin

These formulas are for the veloeity giving maximum efli-
cieney. If the speed be assumed, @ in place of o becoming
known, v, is given by equation (19, Tt iz apparent for such a
ease that ¢ may have a large range of values from 6 = ., when
ihe wheel is at rest, to 4 exeseding X0 for high veloeities, The
following table gives some resnlis :

TABLE IV.

g* e fo= e =010,

=20
=4y . | rp=1d ry
¥ { — -
! ia i o [ i

1 ' e i "
iy A Vg H T Il e0vpE | 10a° 48
niy 810 R A | RS ¢+ 01" 17
120 7% G 0" 2 v v e A I
1507 asr o« | ssrge || o4 e | mae
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According to this table the water is thrown backward, or
in the direction opposite to the motion of the wheel for the
outward flow wheel, and for the inflow it 1s thrown forwand for
v, legs than 90°, and backward for p, greater than 120°,

Tu the Tremont turbine a deviee was used for determining the
divection of the water leaving the wheel, and for the best effi-
ciency, 79} per cent, the angle & was about 120°, Lowell
Hyelvoulie Faperiments, p. 59,

The angle thus observed had a large range of values ranging
from B0° to 140° for efficiencies only two or three per cent. less
than 79} per cent.

18. OF the velue of 6,

Bo far as m;;dy.-:i:-.- indicates, the wheel may ran af any speed ;
but in order that the stream shall flow smoothly from the
supply chamber into the bucket—thus practically maintaining
the angles o and y—the relations in equations (3) and (6) must
be maintained, or

811 1 -
|

(30]

v = =
5111 |;'I

and this requires that the velocity P shall be properly regu-
lated, which can be done by regulating the head /, or the press-
ure gy or both & and p, as shown by equation (4). This
howaver is not practical. In practice, the Hl'll_‘l'jll. is regnlated,
and when the condition for maximum efficiency is established,
the velocities 1 and », are found from equations (17) and (18).
Sinee 1, in practics, is small we have, for hest effect,

v, = @'ry, approximately, . . . . (37)
and, adopting this value, 4 more simple expression may be
found for the velocity of the wheel. For equation (13) oives
g = T Gl

= — _.._"V'r[}'J!I —— e, Appros) {33}
COs RN P, TN s1n° ¥, e
1/ ATY ) + 4/ 'y'.—j (g—) +4 pa

R T, v
gin (a3 )N\, eint o+ g,
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I = jt = 010, 1y + vy = 140, o = 257, 1y = 7, the velo-

city of the diticd rim for outward flow will he

&t ._::4‘;]_"“;- 0150 (0,929 /o,

The velocity due to the head would be
== ‘||.f‘E_r__f'_._'r.l'l = I_.'j]..! "L"":';f.lrf'.
ili}]u‘:ﬁ, the "-'Elﬂ{ﬁt.‘_.' of the initia] rim ghould ba abont

0,038 .:.I”r"r___“_{_]j‘;-i; AT ) e
L4Ld o/ g £

of the velocity due to the hewd.
Tor an inflow wheel in which mf = 2r, and the other dimen-
sions, as given above, this hecomes

0.954

].rI'J-I"U'“H” S e s e R

of the veloeity due t the hoad,

The highest efficioney of the Tramont turhing, found Bxperi-
mentally, was (LTHETS, and the corresponding ‘l.’ﬂ.luuiv, (LE2645
of the wloul.v due to the hend, and for all velocitios above and
balow this value the officiency was loss. Experiment showed
that the velocity might be e ongiderably luvger or amaller than
this amonnt ".'rlthmti. diminishing the {H.LL.wnmr very much.

In the Tremont furbine it was fonnd (hat it I]m velocity of
the initial (or interior) rim was not less than 44 nor more than

76 per cent. of that due to the fall, the officiency was 75 por
cont. or morve.  Eip, P 44

This wheel was allowed to run freely without any brake

exeepl its own friction, and the velocity of the initinl rim was

observed to be 1.335 +2g/f, half of which is
U BETE AL e
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“which is not far from the velocity giving maximum effect;
that is to say, when the gate & fully raised the cosfivient of effect ds
a maximim when the wheel (s moving with about half' its maximum
veloctly.”  Foop, p. 87T,

M. Poncelet computed the theorstical useful effect of a
certain turbine of which M. Morin had determined the value by
exporiment. The following are the results (Comptes Fendus,
1888, Juillet) ;

TABLE V.

Foloalty of inieind

Fim or Nmnbsr of tarns of a1 k
J..,.-..- i lIHI||':\i.:!|:.II_.:_I|':-'Ir :1|:I(rl\ellﬂ‘4::lsl:li'lflell;tl hlc-n:::-x-;ll':.r'\:;:':::.:l:; ;.'llj'
o i f ¢
0.0 I, [K) D s e e
0,2 HE ] 0, Gk R R et L e
(.4 4787 0,578 { 0. 700
(U] HE A H | 0. 507 1. F00
0.7 G281 0,510 0, T
1.8 0707 (1. 50 0676
1.0 7676 0. 786 08110
1.3 .88 | 0. 555 LI ]
1.4 B2 1.712 | (. g5tk
1. ] ' 11604 | i 200
1.8 101 .51 0. 612 (b, 2004
8.0 LT, ) LEH (F A5
0.2 14, i) (R e

Ponealet states that he took no account of passive rosist-
ances, and hence his results shounld be larger than those of
experiment as they are: hat here both theory and experiment
give the maximum efficiency for a velocity of about 0.6 that
due to the head, and the efficiency is but little less for velosities
perceptibly greater and less than that for the best effect. For
velocities considerably greater and less, theoretical results are
wuch larger than those found by experiment, for reasons
already given, chief of which is the fact that eddies are induced,
and the effective angles of the mechanism changed to unknown

vilues.
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14, Pressure {n the wheel,

Diropping the subseript ; from », », g, in equation (9}, the
resulting value of p will give the pressure per unit at any point
of the hueket praviding thab y. be considered constant. Change-
ing o to g, equation () thus gives

T o . g =
Fi= (rr — {1+ ) ' o (P — '“"PJ e - (42)
L. ) : =i
To solve this reguires o knowledge of the transverse sec-
tiong of the stream, for the velocity » will be inversely as the
cross section.
From equationa (20) and {6
A’fl J?I:| h"iﬂ (8 {4.3}

o= = = 2 « EFEY AR

' REein(e £ 9)

Tyom (4) and (&),
gLoitd U oae

=1tk + p, — _Qg- 'E'iﬂi_{ﬁ' 1 ':V.I]

These rednes equation (42) to

rf{:’ = Fa{.l!{l‘ + £|IIIil"!_l. 4= __} '.‘..J*_’I”'E oy _'_]: C{-'I'I".‘i"ﬁ-'l

1 e S L BN (o
— 3 [ @+ mysinty + L ) — BSRS | T

{45)

The baek or concave side of the bucket will be subjected
to a pressure which may be considered in fwo parts: one dus
to the deflaction of the stream passing through it, the other to
a pressure which is the same as that against the erown, and is
uniform thronghout the eross section of the bucket, due to the
pressure of a part (or alll of the head in the supply chamber.
It ig the Intter pressure which is given by the value of p in
equation (458). The construektion of the wheel being known,
the pressure p may be found at dny point of the wheel for any
assnmed practieal veloeity ; althongh, for reasons previously
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given, it will be of practical value only when running near the
velocity for maximnm efficiency. There are two cases :

l. That in which the discharge is into free air;

2. That in which the wheel is submerged.

In the first ense if the pressure is uniform, the case is
called that of *free deviation™ in which the entire pressure
upon the forward side of the bucket is due to the deviation of
the water from a right line, and will be econsiderad further on.

I equation (451 shows a continnally decreasing pressure
from the initial element to that of exit, or if the minimum
pressure excoeds p,, the preceding analysis is aj iplicable.
But if it shows a point of minimum pressure less than Py 16
will be in a eondition of unstalile equilibrinm, in which the
slightest inequality wounld cnuse air to rush in and rvestors the
pressure to that of the atmosphere; so that the pressure in
the whael and the flow would be 1-1'_:11:_'_-""1]. The pni“l. of mini-
mum pressure may be found by plotting results found from
aqnation (45), substituting values for o taken from measure-
ments of the wheel, and ¥ from computation. From the
entrance of the wheel up to the point of minimnm presaure
the preceding analysis applies ; and the remainder of the wheel
wnst be analyzed for “ free deviation” and the two results added.

In the second ease the equations will apply, sinea air can-
not enter, provided that p does not become negative, to realize
which requires o tensile stress of the water. This is impos-
gible and eddies would be formed ; and the effect of thess on
the veloeity and pressure cannot be computed. Suel a case
cannot be analyzed.

16, o .,n"?.h!r-‘r the Pressere i the entranes to the Duelel when
running at best effect. Tn (45) let p = », k= F and = Jh
To simplify still more, let the whesl be frictionless, or i =
iy = 0, and find from equation (39

RiN (o 4 34)
COS o S ) °

e

RS £
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also & = /7 + k., and (45) becomes
o =in e
Zeos osinim <k py)

g =600 & 0k o, — foo. 4N
If the wheel is not submerged b, = 0, and let the pressure
i equal that of the atmoesphere, o 35, then

([ e DL S S R
2 eog aosin (o - 90)
If the wheel be submerged, let 3 = dh, + 5, and the equa-

tion reduces to that of the preseding,
Hination (48] gives

tan 8¢ = — tan 1,

o, M=t BN g © s e )

for which valne the pressure at the antrance to the wheel will
pqual that just ontside.

If, e | P 1]

the pressure within will be less than that withont ; bat if
B AN — g s (51}

the pressure within will exesed that without—a condition
which ia congidered desivable. T friclional resistances be
considersd the value of me from equation (38 will be less
then that given by (46, and hence the last term of equation
(471 will be less unless o be crester than the value given by
equation (31); henes with frictional resistances the terminal
angle of the guide blade may exeeed somewhat 907 — 13
therefore, if the value of o be found for o [ietionless wheel il
will be a sate valoe when thers iz [riction. 1f ;- = 90° and
o= M7 — 19 = 457, then (47} gives

=& +6ky +p, — dH=dh +p,, . . {63)
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as it ghould.  1f 3 = 90 and « = 307, then

b=l 6k p. — 94,
or, P> O, +0B3SHL . L L L L L (58)

The angle o shonld not be so large or p, so small as to pro-
duce exeessive progsure at the entrance to the wheel.

Brample—Find the pressure per square inch at the
entrance to the wheel when the head is 10 feet, the terminal
angle of the gnide iz 30°, the initial angle of the bucket
g7 = 907 ; the wheel being one foot under the water in the tail
TG,

16. Numler af buckets.

The analysis given above is true for o wheel with a single
bueket, provided the supply is eonstantly open o the bucket
and elosed by the remainder of the wheel. But for practical
considerations the wheel should be fnll of buekets, althoush
the number cannot be determined by analysis, Successful
wheels have been made in which the distanca between the
buckets was ns small as 0.75 of an ineh, and others as much as
A.75 inches.  Lowell Hyd, Eep., p. 47, Turbines at the Centen-
nial Exposition had buckets from 4 inches to 9 inches from
centre to centre.

LT, Beatio of rodii,
Theory does not limit the dimensions of the wheel. In
practice,

for outward flow, v = # is from 1.25 to 1501 Bl
for inward flow, », + v is from 0.60 to 080 ° ° 7

It appears from Table 1L that the inflow wheel has a
higher efficiency than the outward flow wheel (columns 6 and
31, and these wheels have about the same oufside and inside
dianmeters, The inflow wheel also runs somewhat slower for
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hest effect.  The centrifugal foree in the ontward flow whesl
tends to foree the water outward faster than it would other-
wisa dow ; while in the inward flow wheel it has the conbrary
affect, acting as it does in opposition to the velocity in the
buekets,

It also appears that the afficiency of the ontward flow wheel
inerenses alightly as the width of the crown is less, and the
veloeity for maximum effieieney is slower ; while for the inflow
wheel the efficiency slightly increases for inereased width of
erown and the veloeify of the outer rim at the same time also
LEereasas,

Let v, = mry, 04 = 907, Moo= a7ty = pa =002
then forn =10, 05, 0.8, 1, 14, «'»=23 8§,
will talrs = e

and -

18, Lgfinieney, T,

The method of determining the theoretieal value of & has
already been given; hut to determing the actnal valne, resort
must be liad to experiments,  These have been mads in largn
numbers and the results published. By assuming the mini-
mum values of the several losses, s maximam Hmit to the offi-
ciency may be fixed. Thus, if the actual velocity be (.97 of
the theovetical, the energy lost will be (1-0.97%) or & per cont.

Frietion along the buckets and bends . . . 5§ « &
Energy lost by impact,say . . . . . , , 2 & o«
Energy lost in the eseaping water . , . . 3 « @

Totnd: = = LG s

Lieawing . o 5 o o abda
aviilable for work. This diseards the frietion of the mechan-
ism and frictional losses along the guides, and if 2 per cent.
be allowed for the latter, there will he left 82 per cent. It




HYDRAULIC MOTORS.

o}

T

seems hardly possible for the effective officiency to exceed 832
per cent, and all claims of 90 or more per cent. for these
motors should be at onee disearded as being too improbalbile
for serious consideration. A turbine yielding from 75 to 80
per cont, is extremely good, The celebrated Tramont turbine
anve T9; per cent Lowell Exp,, p. 33. Experiments with
higher efficiencies have been reported. A Jonval turbine
(parallel Hlow) was reported as yielding 0.75 to 0,90, but Morin
sureestad corrections raducing it to (L63 to 0,71, (Weishach,
Mech. of Eng., vol. ii., p. 501, Weisbach gives the results of
many experiments, in which the efficiency ranged from 50 to
B4 per cent.  See pages 470, 500-507. See also Jowr. Frank,
Tust., 1843, for efficiencies from 64 to Td per cent. Numerous
experiments give I = 0.60 to 0.65. 'T'he efficiency, considering
only the energy imparted to the wheel, will exceed by several
per cent, the efficiency of the wheel, for the latter will include
the friction of the support, and leakage at the joint between
tha gluies and wheel, which are not included in the former ; also
ag & plant the resistances and losses in the supply chamber are
to be still further deducted.

19, % Crowns,—The erowng may be plane annular dises,
or eonical, or curved. If the partitions forming the buckets be
g0 thin that they may be discarded, the law of radial How will
be determined by the form of the erowns. If the erowns be
plane, the radial flow (or radial component) will diminish as
the distance from the axis increases—the buckets being full—
for the annular space will be greater,

20, Lesigning.

The dimeusions of a wheel must be determined for a dafinite
veloeity, Thus far it has been assumed that the angles o, 3,
ete., are given, and the normal sections of the stream thns
deduced. We will now assume that all the dimensious of
the buckets are known, and the angle « and the section A are
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to be determined. The veloeities v, and #» must now be found
indepen lently of . TFrom Fig. | we have '

F2 =42+ o'’ — 2yair coB ¥, . o« « (B5)

which combined with nqnnhmss. () (3, (10), vl = vk, a5 in
(20), and /7 = K — kb, will give

{L + ) Blerry cos
5 h“‘ W ) B !

_1/’r,rf1’—-— [ —12+ :q}'.-, ITJ"EI.L T+ ) Bkaerry (:DE J*’]

|.1 T _I” kt -4 _,”|;'.n R L L]. o jfﬂl -Il,] - H|||: K
= _.r—"f'i.’ -4 vﬁgjf_f'! - Rﬂrﬂ' M = “ e - Iu_,'lﬁ:l

whersa
{I.—,n}HJ,cosy
P= o
1+ -l”'j"il : J"'.P.ﬂ

kl_-

{560)

— e =
¢ (BT R LR e R (560)
{_" -+ ) ke .
'[1 + ) ke + kst gk =B Lo (66
k
GErn A g

Equation (11) gives the velocity of exit, Eguation (14), or
(180}, gives

& &y
= HQH -[!"1 — ) 6 - (g 008y % .‘r‘,ms;rq}q,rm:|

—_ i 2
_ng S + Towr] o o .+ . (5B
in which

it e S T

T=r,ccsy,—%rlcnsy|. ST
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Substituting », from equation (56) gives

- ng_r [(— 8 + TP) & + T Vo HQF T TP

= E}?[_ Viet + T/9gHQE Iar] . . . (59)

. in which
bt Ar e ros ) R . (69a)

. : B )
For £a maximum, make E--J = 0, givings
Lf 8 &

@ V230 11 + Rw' = T(gHQ + Bof);

/e ,;,rr; - 7
o = VEY, =T s . . 60)

which is of the same form as equation (16). This value of o
substituted in equation (59 will give the maximum efficiency, or
D= (Vi PO &, | . . (Bl

For the frietionless wheel () = 1.

To find the terminable angle « of the guide blade that will
enable the stream to flow smoothly, subject to the preceding
conditions, Fig, 1 gives

V eos o = awy — 3y cOS Vi

which, combined with equation (55}, gives

@Yy — i COs 3
(m R — __-——I__—__I;. . " I{'ﬂﬂ}
Vol + @'t — S cos

Eliminating v; by means of equations (57) and (56) gives
cos o in terms of the six constants o, #, 34, ¥, by and k., which

are fixed and known from the dimensions of the wheel, and of
the velocity o of the wheel. Since the wheel may run at dif-



30 HYDRAULIO AMOTORS,

ferent velocities the angle « must vary, and this will be done
in practice by the piling of the water in the passages. Hach
turhine, however, should be designed to ran at the speed giv-
ing maximum efficiency, and its angles and dimensions should
satisfy equations (60) and (G2).

From equation (9),

2 1 = (1o ) oy — oy — @ (o — o8 + 29 P22 o @3

a5 . )V 1 ¥ 1, i . { !
in which, if w, and v be substituted from above, p, becomes
known,

Similarly, I from equation (55) becomes known, and finally,

from (60),
Gy — ¥ €08y,

A e R

QO O =

21, Path of the Waler,

Lt a2 be the position of the bucket
when the water eunters ab
The bucket being drawn in
position to a seals, divide it
into any number of parts—
pual or nnequal—ar, o,
efe., and fimd the time re-
guired for it to go from a to
iy, The distonee being small,
assume that the velocity is
uniform from o to o, and
equal to w, which will he
given by equation (56) by
dropping all the subscripts .
Fra. 7. and changing » to @ thus,

= (1 4 ge4) foy foeay pon 3
AT W L

gl - '“ET T ':2 + Dk (L4 ) .i,m-:v, ek py |
* 1/-4? i |: ) L :
(14 pa) Bof o g HisE = )+ gty K J L)
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Then will the time § ba
ey

By e S e F)

e
During this time the rim has gone from « to & a distance
== et R R [ )

If the bueket 072 be drawn through b, and the are o §
throngh a, their intersection f, will be the position of the
particle at the end of the time { TInw similar manner, the
pucepasive points i, by, ele, may be found, through which a
continuous curve moy e drawn representing the path of the
gtranm.

Tha line tangent to the termination of the buckef, will
indieate the direction of the water ot entrance of the wheel,
and if the water drives the wheel, the pofl shonld be enfirely
ontside this line nnd convex toward if,

23, Lhesign o guedife Wede, oufffour furdine

Asgume the effective fall, . . ©. . . . H= ft.
Assume the requirad horge-power, . ., . HP=
Assume the exit angla, . . . S

Asgnme the entrance angle nfhm-lm S A
ik i_.hmwu,uluf]l}uI"Hn.;_zmulf., 18 (v i;‘j, (El), ae==30% 7
Assume efficiency, . . v oe e e A= 10.85, 01 0,703
and after the wheel is fn:]ll,f d[*ﬂgned yie
comnpute this valoe and if necessary
porrect the dimeusions,
Required quantity of wator per second
vachoxtloss, 0 0 o o b s e e Rl AT
Reqguired quanfity, . . . o e LS
Asgame o = 010, f, = Ifl'ﬂm
Velocity of the initial rim, T, (400, approx., s =
i The correctad, final value will be fonud
by Eq. (16) ov (G0).
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Let ry = L3r, then velocity of onter rim,
The velocity into the bucket, Bg. (18), . . @ =
Initial section of buckets, Eq. (20}, . . . I =
The inner cireumference will be 27, Lot

the walls of the buckets he 4 of the

cireumfarence, then the effective apen-

ings will be |

i

i1 of the cirenmference, or

Wiy Assume a depth, ¥, between

the erowns, Try y= 4. Then will

the initial eross section of all the

buckets be $Err? ; hence, $5rr® = by o oryp=
If the radins is not what 1s desived, itmay

be ehanged to some other value and

the fh_-]ﬂ,h i {'.n!l:pl.l!ﬁd. Then, . Py o=
The eross section at outer rim will be, if

the crowns are planes, ‘@mr. ysin 1. =k =
The number of uckets will be assumed | =

Having determined these elements, the final veloeity », in
referenes to the bueket may be computed by equation (67},
ary from (62Y, I from (85% and « from (64

If the turbine revolves in air, at least half the depth of the
wheel is to be dedueted from the head 77

If the cirenlar opening between the wheol and slniee be
of an inch, or ¢lz of a foot, and the coefiicient of discharge be
0.7, the dischargme will he

=
1111.21'.?’ % 2wy % 4 f‘{';’l?-':rh coeo-o. (BT

g being determined from equation (63), The loss of work
will be

6220 » f or 622(H—3). . . . . (68)

The work lost by frietion, if the radius of the axle be vy, the
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weight of the loaded wheel, IV, and eosflicient of friction i,
will be nearly
% p Wyrymo pergee. . o . . . [6Y)
The work done by the water must be the effective 7 plus
the worlk due to the losses. The work done by the water pass-
ing through the wheel must be 7 plus that given by equation
(69 Call this . Compute the work dons by the water, and
lat it be 05 : then will the Tequired 11(}.])[;.]1 e

r
e R )

The efliciency may now be recomputed.

SPECIAL WHEELS.

23. Sourneyron Turbive—All wheels having gmide blades
ars of the Fourneyron type, although the wheels made by him
were outward flow, The preceding
analysis 1s a general solution of this
turbine,

2, Freameis ond Thomson's vorfen
wheels arve inward flow wheels with
guide blades.  The preceding analysis
is also applicable to these wheels.

25. The Jowwed Twrldne is n parallel
flow wheel with guide blades, to which
the preceding analysis is applicable by making r, = 1y

Fra, 8.

(For the defails of thess and many other forms, sea

Ihydraulic MHotors by Weisbach.)

26. Kankine Whee —~This is a wheel of the Fourneyron
type, but Rankine having wade certain modifications in its
4
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assumed construetion it is indicated by his own name.
{Fig. 8.

It iz an ountflow wheel and the erowns are so made tha
the radial velocity of the water in passing through the wheal
will be uniform. If & be the abscizssa [rom the axis of the
wheel fo any point of the ecrown, and y the distance between
the crowns at that point, #, the radial component of the
velocity, then :

Yy Brwpa = 0,
ar, yr =aconslant, . . . . (T1)
which is the equation to an hyperbola referred to its asymp-
totes. This determines the form of the crowns.  If the wheel
were inward Hlow, the depth would he greatest at the inner
rim.

In this wheel the initial element of the bucket is radial, or
#1=490%; and Rankine assumed that the veloeity for best effect
must be such that the water will quit the wheel radially, or
@ = 90° These conditions given, from Fig. 1 and equations
4y, (6, (34, for a Frictionless wheel,

[ e — ! a1 e o S (72)

Gy =W 08 Ve . . . . . . (T8)

vy = = T sin &« = wp, tan « i TAN py = 0 SIN 3R [TL)
TP -

fan o= —faniye, o .o o o 1TR)

ey A2

which defermines the proper angle of the guide blade when
the value of y, has been assigned. If y. = 157, # = 1ls, then
o = 1847 and if 3. = 20, v, = 1.3, then « = 24" nearly. But
to be certain that the internal pressure exeeeds the external,
« should exceed these values. Equations (19), (73), and (75
give

Gy, = i; 3ﬂ S )

24 tan* a’

which establishes the veloecity of the initial rim of the wheel.
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The work in the frictionless wheel will he the theoretical
work the water counld do, less the energy in the water quitting
the wheel, or

=WH — ll? ?
g
[Eq. (74)] “WIf—%Lr?[wtau’;r C e . (T
WH

[HEq. (T6)]

= 1+3 tan® e’
The efficiancy will be

t o 1
E=rr=trreew s 0 0 (9

27, The following is to show that Rankine's assumption of
velocity for best efficiency iz not quite correct. Substituting
p =% i =0, e =0, 1y = nrsy 10 equation (16) gi‘r'L'H

= ‘rl.r,r.:r‘ 1—w —yl.I—im]- — cos’yy (1 — 2n’) (80)
1 — 2% A L]. — ) — o081 (1 — Bn7)
and these in aquation (19) will give

' —mf o T = ]
uzunsy::,‘/””cassj_,zl: V(1 -u'} cnqg |[| J?‘i‘-]:l

AL —n*)? — cos® 1 (1 — 2n¥)

- s [1— 0 + A (I— %)% —cos® p. (1— 20%)]. . (81)

This does not sive
Uy COS V2 = Gy

a8 in equation (73}, except when #* = § (or 21", = %) ; and hence
the direction of the water at exit will not be radial, as Bankine
assumed, except for this case. In practice, outflow wheels are
conatraoeted almost exactly with this proportion, »° = 4, and
hence the analysis from equations (72) to (79) is sufficiently
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exact for the frictionless outflow wheel; and, as seen above,
the hypothesis greatly simplifies the analysis.

The condition for best efficiency of the frictionless wheel
roquires that the velocity of leaving the wheel should be a
minimum ; and this may be realized, in some cases, when its
direetion is obligue to the radins.

Thus, let A be radial when A% is the velocity relative to
the bucket, and B¢ the velocity of the rim ; then it may be, in
some cases, that when 40 is the relative velocity of exit, A5
the velocity of exit relative to the earth, will be less than AL
as shown in Fig. 9.

Fia. 0. IFra, 10,

28. The path of the water is easily constructed for this wheel,
Bince the radial velocity is uniform, the time of flowing through
the wheel will he

rg e ?1|

ion tevis S S

(]
during which time the initial rim A B, Fig. 10, will have travelled
ab=oontfeet. . . . o . . (BB
Divide # — # into equal parts by concentrie arcs, and the
space all into the same number of equal parts, and through
the points of division a, b, ¢, d, trace the buckets ; then will af),

drawn through the proper intersections of the ares and buckets,
be the required path.
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9. Analyse a Bankine turbine, having given : i = 12 feet,
¥e = 167, 9 = ¥ feet, % = 2+ Depth of outer rim, 6 inches.
Find Radins of outer vim, . . . . . . »

Angnlay velocity, - . « o . . L @
Veloecify of initial vim, . . . . ma
Velocity of outer vim, . . . . . iy
Angle of guide plates, . . . . . |, &=
Velocity from the supply chamber, . V=
Inmitial velocity in bucket, . . . . o
Terminal velocity in bucket, . . . . 4,=
Velacity of quitting water, . . . . w
Deapth of inner rim, . o Y=

The horee-power, . . . . . . HP=

The efieleney, .« vowo i o1 v o S

IE the partitions for the buckets ocenpy o of the wheel, and
the losses due to frictional resistances in the wheel and friction
of the wheel be 20 per cent., what will be

The horge-powel;, . . . . + - HP=

The RGIBNET v o o o e =
Find the pressure al the inner vim, . . . p
Find the path of the water,

li

Il

|

20, Veloclty of o particle along a tule walaling alout an aris
il.l-_*.l'll.u."-.l.l-'ffr'r.rfr_r..l' {n ails J.-n"--'-'-.l.l--'.

This problem has already been solved in establishing the
general equations of turbines, and the following is given to
present it from another point of view,

If the parficle at A, whose wass is w, be confined while the
tube rotates about ), Fig, 11, with the angular veloeily i, the
ventrifugal foree would be

Fram RO e e s ey (B

It ¢ be the angle between the radins vector prolonged and
the normal upon the tanwent, the component in the direction
of the tangent to the tubo will be
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weer o ain o,

and when the particle is free to move, this component will be
effective for producing metion, and if the pressuves at the
opposite ends of the element are nof equal, but differ by an
amount dp, we have the equation

s el e
o = merpsind —dpo ... (85)

Fia, 12.

FFrei. 11,

But s gin 7 = dp,

which combined with the preceding equation gives
A « « o « (56)

But éf;:ﬁ‘ = s, and if 4 be the weight of unity of voluma,

i :
then m = ; ifs, and the last term becomes %dp The integral
will bo

‘;g]” —of = o (it — ) — 9B ey
. i

i




HYDEAUTLIC MOTORS. )

If the [riction be pf, the equation becomes

(L + pa) vt = v + & (s = ) — Effp”'—;‘r i LB

which is the same as equation ().
1f g = py, and pe = 0, then

wP=ot+t P E =23 . . . . . (89)

This gives the velocity relative to the tube whether it
revolves to the right or left, and whatever be its curvature. If
it revolves to the left, the resultant velocity will be A0, Tig,
12; if to the right, it will be A% If y» be measured from the
are hackward of the motion, or v, = BAS for rotation to the
laft, and y, = K45 for motion to the right; then

A= = ot 4ot — R, e cog e o o (90
A(F = ot = 2+ ofes -k Sy, G eos va . o« (01

Tn the latter ease the quitting velocity will exeeed the ter-
minal velocity in the tube, and therefore inereased veloeity will
Liave been imparted to the water—a condition requiring that
energy be imparted to the wheel from an external source. In
the former ease the wheel is a motor, in the latter it is o re-
ceiver or transmitter of power; in the former the water drives
the wheel, in the latter the wheel drives the water and virtually
becomes a centrifugal pump.

If the water issues tangentially to the path deseribed by the
orifice, then 3, = 0, and

TR =i e e l.'.-"ﬂ:l

the upper sign belonging to the motor, and the lower to the
purmp.

Freveige.—Tf v =1 $h v. = 5t py = 0.1, ¥, = b H. per sse-
ond, and the bucket rotates about a vertieal axis 30 times per
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minute, and discharges the water directly backward, making
2y = A, 'I‘r‘.t_llilh':’:i‘i the terminal \’ie|u:1i1."_u' alnng the tube and the
veloeity of discharge velatively to the earth

du Wheel of' Freee Dedndion.—In this wheel the water in the
buckets has a free surface, or, in other words, is subjected only
to the pressure of the atmosphern.  For this ease

== Pt hp = and A= 10

and equation (4) gives
R R L e R e e T R

which will be the wveloeity of discharge from the supply

chamber into the wheel: it is the veloeity dus to the lead in

the aupply chamber when frictional resistanece is ineluded.
The triangle ABC, Tig, 1, gives

wf = F* + wlet — 2 Foar, cos it o o (94
which substituted in equation (88) gives
(1 = Hal ] | EE BT ..-;2 A o K LI G0R Y, . (05

and this in equation (90} gives «f, and equation (12) will give
the requived work., Eguation (14) will give the velocity for
best effset.  But this involves o long analysis, and the follow-
ing approximate solution is sufficiently accurate.

Lt i be small, and the wheel ba run for best effect, that is,
ao as to make the veloetty » very small, and considering w — 0,
equation (92) makes '

Uy = rry nearly.

Using this value as if it were the exact one, also neglecting
iriction, (95} gives

BV e con o= = 2a 17,

or Qurr, cos w = 2y [T
£ Lot
T L ot (Approx. o & . o« (98}
O ek
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which gives the proper veloeity of the initial rim ; and for the
terminal yim

Gty = —=t— t _..- R Al i = |:9"i"]

Number of revolutions per minute
e e R e e O

T

To find the velocity at any point of the bucket relative to the
bucket, drop the subseript ; from equation (95) giving

(14 vt = Eyff + e — 3 ’Irrgy.l’f.t.'rrl cos . . (99

¢

Fre. 18,

From Fig. 1 or equations (4) and (5) find

o
ain Y= ey 1

gima. o . w o ow o 4100}

In the frictionless wheel, the work done will be
[ER— | B LR T o R S e O i 2
and the efficiency will be
- o
= LRl ]
¥, £ 177: A (102)

31, Ta find the form of the free supface, let the bucket be very
narrow, so that a normal to one of the enrves will be approx-
imately normal to the other. Divide one side of the bucket
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into any eonvenient number of parts, as ae, ce, ete., and erect
normals to the are, as a’, od, ete.  Lay off these ares on a right
line. Compute the velocity at any point, as d, Fig. 13, by for-
mula (#9). Let x be the required depth at o, then heeanse the
velocity into the section equals ¢, the volume passing through
one of the buckets per second, we have

o.de. 0= q;
=ty L L 0L Lo (108)

e

and similarly for all other sections. If only relative Lieights
are to be fonnd, the quantity g need not be found, for if » be
the height at i, Fig. 14, then

yba,vy =gq;

B ;
G e (RS MRS e L )
and by assuming any arbitrary value for y the relative value of
@ becomes known,  Similarly, the relative lheights at all other
goctions may be found.

42 T find the path of the fluid in veference to the earth, pro-
ceed as in Article 21 of the discussion of the general case.

d3. Fvereise—Design a 30 horse-power inflow turbine of
free devintion, given an eflsctive head of 16 feet.

Assume the depth of gate opening to Le 4 inches (4 foot),
and after the computation has been completed if it does not
give B0 horse-power the depth may be changed by proportion.
Let the radins of the outer or initial rim be 1 ft. ; of the inner
rim, § of a foot; terminal angle of the bucket, 1y = 157 ; termi-
nil angle of the guide, o = 30°%, 4, = 0.10 = u,.

Then, velocity of exit from supply chamber,

g (93}, ==
Velocity of onter rim, Eq. (96), . . . . ;=

Velocity of inner vim, Eq. (97), ., . . .wn=
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NWumber of turns per minute, . . . - - =
Tnitial angle of bucket, Fq. [RO0LS O s
Initial velocity in bucket, BEq. (94), . . . %=
Terminal velocity in bucket, Bq. (95), . . w=
Velocity of exit, Bq. (90), . . . . . . W=
Direction of outflow, Eq. (35), . . . . =
Closflicient of discharge 0.60, volume of

A Q=
Weight of water (§ =624), . . . . . @ Q=
Work per second, Eq. (101), . . . . . =
FLOTREPOWEE . = = s ot i ol i v oms gl
Eficiency, T e L S R

TE 90 per cent. of I/ is effective work, and if this does not
aive 30 horse-power, then the depth of the wheel shonld be

Sl

d= 00T 4 inches,

Find the profile of the stream in the buckets.

a4. The following is taken from the report of the Commis-
sioners of the Centenninl Exposition, 1876, on Tarbines, Group
YY. The tests were for two minutes each. The rovolutions
and horse-powers here given are those corresponding to the
bhest efficiencies @

Dinnetar  |Head in sop- oo ia Horsi: | iclines ey
of Whoel, [piy ehamber,| BRI O I Bt | Bugkhts: (103 of whoal,
i | L 255 95 5.0 | 10 |1 nflow.
24 H Hikd [i¥] | T7.0 14 Parallel.
a4 | B4 g10 4 T4.5 13
v | L 241 T6.8 | 8.8 i
30 b 20T T4 5.0 13
a5 31 289 46 2.0 | 12 |Paralel
B a3 o58 S5 8.9 15 |Tn gl down
a 0 a0 i W 14 11y amed dowi.
27 a4 46 H [ T80 | 14 (Parallel,
i) 29 6. 187 5.2 s 30 Parallel
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These tests were by no means exhanstive. Tt is not known
that they were run for best effect. The distance from eentre
to centre of buckets varied from 4.8 inches to 9.5, and at these
extreme values the efficiencies were about the same. The
number of gate openings was less than the number of buckets.

TURBINES WITHOUT GUIDES.

39, Bovker’s Mill —As ordinavily constructed, this motor
has fwo hollow arms connected with a central snpply chamber,
with orifices near their
outer ends and on oppo-
site sides of the arms
There are nao guide
plates The supply
chumber  rotates  with
the avms.  The arms
may be eylindrical, con-
ieal, or other convenient
shape,

Fra, 15, Sinee the water issues

perpendicularly to the

arms p, = 0; and sinee the inilial elements of the arms are

radial, py = 80%, and as the water must fow radially into the

arms, @ == 90" The inner radius is necessarily small and may
be congidered zero.  Hence, making

vy =0, 3y =00°, o = 07,y =100,

in equation {14} gives

e 7 : BaH + w'r, ’] 2
SO GH [“ wr, + 4/ % Ty - 1103)

Lguation {1%) gives
._'I/g'?”Jr“’g“‘ yo sl R e

]
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henece, the efficiency reduces to, for the frictionless whoel,
e Tl T (1

This has no algebraie maximum, but approaches nnity as
the velocity inereases indefinitely. Practically it has been
found that the best effect is produeed when the veloeity of the
orifices iz about that due to the head, or

i = e e
for which value the efficiency will be, if 1, = 0.10
o S -
E= Ei —14+4 1.1J R s e
If %, be the area of the effactive section of the orifice, then
e A (1)

The pressure on the back side the arms opposite the
orifices and nseful in drivine the mill, will be

A
P,=‘Hu_.:£;f’-ug. G S s

Of this pressure there will be requirad

) ; a6
Po= Mow, = r’Ir,w.r-:.,: SRR b L

to impart to the water the rotwry velocity ey, which it las
when it reaches the orifice. The effective pressure will he
£ = Py and the work done per seeond will be this pressure
into the distones it traverses per second, or

— e LRy — 0,

which radnces to the value found from equations (105} and (106).

86, [fiereise—Let the supply chamber be square, and from
two of its opposite sides let pyramidal arms project. Let



40 HYDRATLIC MOTORS,

H = 10 feet, ovitiees each 2 square inches, vertical section of
arms throngh the orvifiee each 4 square inches, section of the
nrms where they join the supply chamber each 3 square inches,
horizontal seetion of the supply chamber 36 square inches,
7y = 86 inches, velocity of the orifiee e = 4/ 2g /0, coeflicient
of discharge 0.64, and = 0010,

Lequired :
Yelocity of dischayge ralative to the orvifice,
Yelocity of discharge relative to the earth, =
Velovity at entrance to the arms, . . . v =
Velocity in the supply chamber, . .

The volume of water discharged, . . . )=
The weight of water discharged, . . . 4@ =
Thawork pergeacnd, . » .« 4 o= o = iF=
The horse-power, IR e e e e
M l‘:F‘Iil.‘!'i.rl'\t'lt!-_':', e T LR R T fil=
The pressure on arm opposite orifice af

PEr BOMArS INGh & w0 e oW ow o DS
The pressure at base of the arma at £, o=

The equation to the path, of the Auid.

AT, Seoftish and Whitelaw Turbines,— These wheels hiave no
guide plates, and differ from Barker’s mill ehiefly in having
eurved arms, The analysis is precisely the same as for the
Barker's mill.  The only practical difference eonsists in pro-
viding a eurved path for the water, instead of ecompelling the
water to seek its path, forming eddies, ete,

88, Jot Prapeller.—We first show how this problem may be
golvid by the preceding equations, and afterwards make an
independent solution.  Lef a narrow vessel, Fie 16, be carried
by an arm & aboul a shaft B4, TLet water, by any saitable
deviee, be dropped into the vessel, the horizental velocity of
the water being the same as that of the vessel. At F) the
lowear end of this chamber, lot thers be an orifice from which
water may issue horizontally. The water may then be con-
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sidered as entering the vessel or bueket without velocity, and
passing downward finally enrve towards, and issne from, the
orifice. 1t thus beeomes a parallel flow wheel without guides,
and we have, for the frictionless wheel,

ro=rnl = 40% =0 m= =0 =10
==t si=1

in equation (8); hence, the velocity of exit relative to the ori-
fice will be

R S G b

Fra. 16,

where & equals the head in the supply chamber. Under these
eonditions the velocity of discharge will be independent of the
veloeity of rotation, if the rotation be uniform.
Equation (11) gives for the veloeity of discharge relative to
the earth
W= — 0% + o« w5 o (114

Lquations (19) and (14) give

5 .
LI-! = r_;;’. ?}_’- L 'rg ad, - * . & & 8 {:11 5-}
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. : : ST
This equation may be factored thus, f-q‘- is the mass of

lignid flowing out per second ; represent by 05 MWe, is the
momentum of the outflowing liquid per second. W, is the
moment of the momentum, and, finally,

.-"I-I'"E-";-"J'L-lfr-' e e anereend rr.';l'" o mrmentunt inde the el
wataity, and equeals the aword dor.

Lt # = o, = the velocity of the vessol; then from (114
aud 1 1135}
TEE—— i P ST RS S e b [T

Lr. e ‘.']fr_!._.'ﬂ.l ; o - . 8 0 " . 5‘_] 17}

which eguations are trne whether the motion be eiveular,
linear, or in any other path,

In ]‘l'l‘."l..{‘:ti{‘n, 1l k‘l!tn_i-{_‘i‘i-}' of the jnt i ln‘m] el ]l:,' the press-
ura exerted by a pump, in which ecase & in eguation' (113)
would be roplaced by a virtual head, Fig. 17, equivalent to
Ry} OF

e e e
e <
i1 ?

Also the vessel, instend of having water snpplind to it al
the velocity of the wessel, picks it up from a body of water
consitlered at rest; thus imparting to the water the momentum
Me, requiring the work per second

e AU & L SRS

Henee the effoctive work done by a jet propeller picking
np the water from a sfate of vest will be

U=U— U=MH—vp . . . . (120)

The energy exerted by the pump will be that producing the
velocity of water relafive to the earth, ov § M (v — o, plus
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that doing the work of driving the vessel; henee, the energy
expended will be
2 Mw, — ) + U;

and the efficiency will be
i U _
T U+ I M v — 0P T e

o {121}

This hag no algebraie maximnm, but approaches unity as
#, the velocity of the vessel, in reference to the earth, ap-
proaches #, in value, the velocity of the jet in the opposite
direction relative to the orifice,

If vy =, e rl'ﬁffrﬁlr’JJa:I.;f wridf f.lr.' }iiwl*.;r:'r-.f as shown l:ﬂr I,lgﬂfn, fined
o awork: anill be dope as shown by (119, This would be the
ense of a vessel drawn by an external ageney, or even floating
along a stream ; for the water backward relative to the vessel
would equal the forward velocity of the vessel.

The mass of the jet per second will vary as the section of
the orifice and velocity of the jet; and if & be the section of the
jet, then .

U:i.ﬁ‘-?!g [ty — W05 . . - . . (128)
7 '
henes the same work may be done by enlarging the section ky
and properly diminishing the veloeity . of the jet; but as «,
is diminished, the efficiency is increased, as shown by equation
(121).
If @ = 10 fest per second (about 6.8 miles per honr, we tind

Ty I’ i | *
10 s i 1.00
)
15 o0&t 120.0 .20
) SO0 & o 45.0 067
0 OO0 & - 15.0 . 5
40 12000 & 7.8 .40
100 OO0 fe 1.0 010
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The sections & hore given are for equal works, 7 Tl the
velocity of exit be constant, then will the work increasc
directly as the area of the section while the efficiency remaing
the same. These nre without frictional resistanees.

The pressure against the side of the vessal opposite the
orifice due to the reaction of the water will be found from
equation {117} by dividing the work dene by the spacc over
which the work is done, or

et e PR i T

4

which is the momentum of the jet per second relative fo the orijice,
Ta impart to the water taken up the uniform velagity
would require the conatant pressure

£, = v,

henee the resultant pressure producing work wonld be
P=P o Pie M=ol . »o« « (124)
and the resultant work wonld be .
(= _El.f'{-r-ﬂ o R e A

as before found in equation (120).

The apsed of a jet propeller depends upon the form of the
vessel and the nature of the flnid; but the pressures due to
the action of the jet will be the same whether it issue into a
vacnum, or into air o1 water, or a more viscous fluid. Tf a block
b placed before the jet so close to the vessel as fo obstret (he
flow of water as a jal, the conditions will be changsad, and the
forward pressuve will then be due partly to the direet pressure
exerted by the pumps. I a piston, having & long piston-rod
projecting against o firm body outgide the vessel, be forced
backward, the forward pressure, effective in driving the vessel,
wonld be that exerted Ly the pumps less the friefional resiat-
AICes,
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The cfficiency of the jet propeller as a motor is compar-
atively small in practice. This is due to the great loss of
enerey in the jel.  The enfive energy in the jet is lost.  If the
vessel be anchored, and the velocity of the jet be @, the press-
urs will be

F, = iy,
the work will be
=0,
and the
cneitgy lost — :!'_l:tlri.-:!:-

If the speed ¢ of the vessel is small, then
Po= M,

{7 = Mg, nearly,

grergy lost = LM, nearly,

and the energy lost will generally exeeed considerably the uge-
ful worls.
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39, The difference of the wmament of the wmomentum of the water
o exedering il feavdng fe aeheel, equals e soment exerted Ty ¢ on
the avheel.  (Proof for the frictionless turbine by J. Liester
Woodbridge, sraduate of Stevens Institute, 18516.)

Comgider the effect of water passing along a smooth, enrved
horizontal tube rotating about a vertical axis. Coneeive the
water to be divided into an infinite number of filaments by

[

Fra. 15,

vanes similar to those of the wheel, hut gubjected to the con-
dition that, at each point, their width, /d, g 15, measured on
the arve, whose cenfro is (), shall sublend at the contra a
constant angle Jd Concelve each filament to be divided into
small prisms, whose bases are represented by the shaded areas
abied, die'e’d” and obed, by vertical planes normal to the vanes
miking the divisions e, of, intercepted on the radins by cireles
passing throngh the conscontive vertices on {he same vane, a,
o', ", ele., equal.

e ——
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Let p = the radius veetor ;
@ = the height of an elementary prism ;
then, du = ae, of, ate. ;

Pl = abed, ete., = area of the base of an intinitesimal
prism ;

aed el = volume of an infinitesimal s ;

wddtidp = i = the mass of prism, o being its density
o mass of unit volome :

¥ = sin = angle hetween the normal to the vane ot nny
point, and the rvadius (ke prolongad through that
point;

o= velocity of o particle along the vane at p, which ia
assumed to be the sama in all the vanes at the same
distunece from the centre ;

i = the nniform angalse veloeity of the wheel, and

= the pressure of the water at the point o dus to a
head, but not doe to deflection,

Let o be the independent variable, and ¢ the time requirvid
for the element a'd'e’'” to move its own length; dp, and oo’ the
listance p:l.!-!-Hl:‘,il {-}Ll‘:]ll;_'l]i l]:,’ this element ¢irenn t'umutiuil}r in
the same time, off, then

e
|'Ii!|r _.-.I -
W ain
aatcl,
: el
s .:..l..-;.-_.!'ﬁ = _!-J:,_,r
Cdnt

The mass i will have two motions: one along the vans,
the other with the wheel perpendienlar to the radius, By
changing its position suecessively in each of these directions,
both its velocity with the wheel and its veloeity along the vana
may suffer changes hoth in amount and divection, as follows -

(L) By moving from e« to o, TFig. 18, in the are of o cirelo—

(L) g may be ineveased or diminished :
(2) w0 may be changed in direotion ;
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{3.) v may be increased or diminished ;
{4.} » may be changed in direction.
{IL) By moving from a to d along the vane—
{5.) wp may be increased or diminished ;
{6.) a1p may be changed in direction ;
{T.) © may be increased or diminished ;
(8.) v may be changed in direction.
These changes give rise to corresponding reactions, as
follows :
(No. 1.) Sinee the element is to move from o to e in the
are of a eivels, wp will be constant, and henes the reaction
(No. 2.) By moving from « to «, the veloeity wp is ehanged
in divection from ak to a'l in the time 4. The momentum
is mwp, and the rate of angnlar change is

kak' el
== 3

ani henee the foree npon the element producing motion in the
are of a ecirele will be radially inward and the reaetion will
be mw’p radially ontward. This is generally called the centrif-
ugal foree, as designated by most writers. Resolving into
two components, we have

me' o sin - along the vane,
s p cos p normal to the vane,

(No. 3.) According to the conditions imposed, this value of
v is the same at ¢ as at o, hence, for this case, the reaction
will be zero.

(No. ) In moving from « to @ the veloecity along the vane,
v, is changed in direction from af to at’ abt the rate @ as in
No. 2

The momentum is o, and the foree will be meee, which
acts in the direction bn.  Since the particle will be driven by
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the vane XV, and the reaction will be in the direction wd;
which being resolved, gives

it ulonge the vane,

— s normal to the vane,

iNo, 5. In passing from o' to o ; ab o the cireular veloaity
will be greater than at «° by the amount

||||'|r_|_,’

gud the peceleratiom will be
II-!r.'.-'
s ”i.r’
"8 . il i , )
requiring a foreo Loy tzmgr*ni.ml]}f to tho wheel in the divee-
tion aof r|:|::al;i,|:]:|, iha reaction of which will he

idjs
T
P

but backwards, and its components will be

el
effl
il .
-— ?;.l.t'-alr' sin p normal o the vane.

i

wear oo eos oalong the vane,

(Mo, 6.) In passing from o to o, @o will be changed in
direction by the angle between &’ and 2, or

a'q  oeot )
Ry i — —J-,
Iz o
wnid the rate of angnlar change will be
oot ¥ o
i et?
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and the momentum being
H Gy

the reaction will ba
dp
war cob ar

which acts radially inward and its components are

il
ML CDS 3 f.z‘ along the vane,
¥

dp
— i oot ) 008 g 7 normal to the vane.
L

No. 7.) By moving from «' to d, v will be inereased by an
amount

Pree

il
Ap @

in the time of, and the reaction will be

d?:‘ ffl'.?
LSy
which will be outward along the vane, and the reaction will be
directly hackward along the vane, and henes is

fn dp

— . rﬁ:

along the vane
el i ;

{0 normal to the vane.

{No. 8.3 In passing from a' to d', v i1s changed in direction
by two amounts: the angle p changes an amount

d{p! =)= == ;af,r;.
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Thiz is negative, for a differential is the limiting value of
the second state minus the first, and the first is here larger.

But this is not the fotal change, sinee »" is measured from
a rading making an angle

it cob
it

with ()« as in No. 6; hence the total change will be the sum
of these, and the wufe of change will be the sum divided by 7,
which result, multiplied by the momentum wee, will give the
reaction, which will be normal and in the direction #w' or

0 alomg the vane,

Meoty do  dy dp]
g | 22F 28TV TP normal to the vane.
mv| — = — s e VA

This completes the reactions. Next consider the pressure
it the wheel.  The dnfensity of the pressure on the two sides
ad and ed differs by an amount

:-l-:,_i'l

ip = 4

o,
The area of the face 13 o = @ = aud? sin p, and the force due
to the difference of pressures will be

i

aodf sin v -
y Tl

o,

If dp is positive, which will be the case when the pressure
on e exceeds that on al, the force acts backwards, and the
preceding expression will be minus along the vane.  In regnrd
to the pressure normal to the vane, if a uniform pressure p
existed from one end of the vane 7 1T fo the other, the resultant
effect would be zero, sinee the pressure in one direction on 1" 1
wonld equal the opposite pressure on XY, I, however, in
passing from o to «, the pressure inereases by an amount — dp,
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sinee Fa is longer than X%, the pressure on Va will exceed that
an X by an amount

= dp.w x ab = —dp.a. odf cos y = — ap cos pdf %dp,

Collacting these several reactions, we have

NOLBMAL TO THE VANE. ALONG THE VANL
i B 0
(2.} 4 e cos g + o 8in .

L-i,] — LML, 0
: g o

(H.) — meargin p e + G COE 3 e

B i if g ‘

— i oob 9 eos -, — A C0E P
(B.] — moo cob p cos g 7P M3 COS ¥~y
(T R

Yoy ot it "dp
e eoby dp dy do
e @t dp 0.
: e iy
(9.) — @pcos i‘: efndd, — w1 Bl -r—"rj el
iy

The sum of the quantities in the second column, neglecting
frietion, will be zero ; hence

i el ol s dp
R LAETSNE | | e — == g o= Fee :
e Si = m - T o sin P el 0 (123)
Subatitnting
da ; .. "
=y F, Y t =
g = vsiny, and madl o p;

and dividing by e sin 3, wa have

rf!"'lra'{ﬂﬂ—r—}r:l"ir;l:ur}u. Sl i e e e
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Integrating,
= — 3 _| 1imkt ltmit
[seipt— = [ J . . (125)
3 ‘3—| Tl Mt
The sum of the quantities in the first colnmn gives the

pressure normal to the vane, which, multiplied by osin -, gives
the moment. This done, we have

(@ camir=2)= it
el — Tt e 1 i
- y 5 @eos) o sin o
M = v 8in g 4
l Co8 ¢ fl}r

+ veDE Y — p——
F i tj‘,u

= '+ - .
Putting sme sin =-¢j€_‘:rﬂfﬂ”’, where () is the guantity of water
flowing through the wheel per second, and integrating in refer-

enee to # between 0 and 27, we have

i) ey o5 3 o]
ﬂ'-.-lf:ﬁf,?[cgmL ';Iu.-c'm-s JJ—E) — frsin ) f'- +PEOS ¥ —p rﬁ’_} :-{‘L_irfp
Multiplying (124) by

el
o ¥
we have

cos 1 ) e
cos ydp — 2= B Y P o = peos y o dp
dp i

o
i v

which substituted above gives
o o T [
dM=d0| —2wpdp+peos rabd.ﬂ+t‘ﬂn5 prdp— e sin ;*-{—f;[fp | 126)
. - 5|

the integral of which is

M=60[— aF + pvcos y]
=—6Qo[wp—veosy]im:. . . (127)
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St @ P — # eos ¥ is the eiremmferential veloeity in space of
the water at any point, and 6 ¢ p [@ p — » cos 3] is the moment
of the momentum; henee, integrating between linits for inner
and outer rims, the moment exerted by the water on the wheel
eqieals the difference in its moment of mementum on entaping
ttrved deoning wheal,

Let the values of the variables at the entranee of the wheel
be o, 3, 0, p, and at exit g, 3, », Fai

Equations (125) and (127) hecome

% g I:II.’,’ et J':';t} . i E_fﬂ, = i’f'ﬂ,: ) ?!:!J- ot r\]gH:l

‘:If: 4 fl.-} E&" |;l":llli = -'I:'Ia- ! P Uy COR ¥ ':" Hy g s :]’-a.ll' L]E*'r.:'

=lfw=4§ (ﬂf il |4'JJ'I:|-:'.I__‘I — p!‘} — 20 cus 0w, s g, (TR0

which is essentially the same as equation (58). It, however, in-
volves the veloeity of entrance, v, and of exit, »,. The former
may be found by equation (6), when iz known, or assnmed
when « is to be determined, and », may be found by (19) or (53],
Thiz prineiple does not appear to be of great value in the solution
of the general problem, but may be of mueh service in eertain
special cases,  Thus, in the Barker Mill, page 44, the moment of
the momentum of the water entering the wheel will he zero, but
of exit will be

AT,
where 17 is the veloeity of exit, relative to the earth, perpendicular
to the arm, and the moment will be

L
T e i, @&
— el (1a1)
where /2 iz the pressure on the arm apposite the orifice, and «
the space passed over by the orifice in a second of time,
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Bt
V= =g a2y
e Sl
a g
(L4 pwyw, =2¢g H4 o rf;
i .;': .
T = s (v, — 7, @) 7, @ (132)
7
a0 2g -+ o"r
e -, G = ¥y 0y

if ) ; 1
ag in equation (105),
40, Again, if the water guits the wheel radially, then the
moment of the momentum of the guitting water will be zero, and

=4 ]irl L T

Bt

| — ]-:1
the tangential eomponent of the veloeity, or veloeity of whirl ;
- U=M Vv (133)
4, In the prictiondess Rankine wheel the velocity of whirl
erpuals the velocity of the initial rim of the wheel.
G IR Gy
o U= Mrrad, (134)
The work will also equal the potential energy of the water,
W H =& ¢ H less the kinetic energy of the quitting water,
3 Mool (less the enerey lost in resistanees, g v, which in this
case we neglect) ;

=8 H— 1M,

and sinee the water is azsumed to quit radially

~

W=, 62 - tan p, = ¥, 0 oo
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The threa lll'g!{:{!l“rlﬂ: {::lu:Lt.i.UHﬁ IV

‘ -‘f 2o .H' (]"1"}
o= —_— (138

-+ din®
as in equation (T6),

42, Again, i the ermens are pavallel dises and the initial
element of the hncket is radial, and if the water quits the wheel
radially, and if the wveleeity of whirl eqnals the velocity of the
imitial ritn, we have

U= st (186)
a5 in equnation (184). But y, will not be the same as in (1335)

To find it we have, neglecting the thickness of the walls of the
huckets,

S = Earr it L
w, = F aih o
.I'I 0 — :I- (R AT f
W=y e b ),
."I'E = _|'" I'L.F;
2l o
P - ¥ (187)
it — ¢ lan® &
WT=8QH—% M
. o otan' a
=80 —% Mr®a? . (138)
ry = tan’ o
Equations (126) and (128) give
5y 1

ot tan® o

— it fanta (189"
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43, Conclusions.—From s exsmination of Tables 11, TIL,
VI, V1L, the following conclugions are drawn

1. The maximun theoretieal efficiency of the inflow wheel is
pereeptibly Tirwer than that of the outflow, the width of erowns
anel the initial and teeminal angles of the buckets being the same.
One veason for this is due to the low throngh the wheel being
opposed by the centrifugal action, hut more partienlady to the
soaller veloeity of diselinree from the inflow wlhies],

2, Colwmus (10) i Talbles VI and V1L show that for the
wheels here considered the loss of energy due to the quitting
velocity is from 2.2, 5.1 per eent. from the ontflow, and from 0.9
to 1 per cent for the inflow,

g The same talles show that in eolomn (2} the elicieney
is alnnost eonstant for tw varying conditions here considered, while
for the oubflow there is considerable variation,

4, One of the most interesting and profitable stadies to the
theariat and praetitioner i= the effect wpon the efficieney due to
properly proportioning the terminal angle, e, of the guide blade.
It will e observed that all the elliciencies in Talbles V6 and V1L
exceed] Bl 'l'li-l'l'i'?‘:'l.lll"lli:lil!.'_'f oTesE 11 Talile TT. “.'\'I"-L!tﬂ- Ll Hrst in
eolurnn (33 of Table T In Table 11 the teriminal angle, e, is
comnstantly 257, while in Tables VI and VIL it i less than that
value, andl in the highest efficicneios very mneh less,

S, Tt appears Trom these tnhles that the terminal agle, o,
Las frequently been made oo large for best efficiency.

{i. '|1||:||. l'|Ht E-I':I'II!-III..':] :ll:l;_',':i'.. oy |_||' 1-]1!.' IL','Hii]'-J ghonld e COTNLEHLT -
tively small for best effect ; for the inflow less than 10% and that
theoretically, when the angle izabout 79 the efficiency is some 10
per cent. greater than when it is 257 in the wheels here eonaidered.

7. Tables [ and V1 indicate that the initial angle of the
bneket should exeeed 907 for hest effect for ontflow wheels.

S Tables TT. and V1L show that the indtial angle should e
less than 90° for Lest effeet on inflow wheels, but that from 60°

ot 1207 the efficiency varies searcely 1 per cent,
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Y. The most marked cffeet in properly proportioning the fee
minal angle, o, of the gnide is shown when the initial angle of
the tmelel i 1507 To this easethe eficiency Tor the outflow
when e is 25% e 074, Table T, e when o ds 1332, 0 in Table
V1.t boeomes 09200 For the inflow, in the Tonmer ease, it is
0708, but when the angle iz 8%, a2 in Table YIT, it beeomes
0815,

10, Sines the wheels here considered have the same width of
CEPOW TR '.|-|II|. L']'.-1' Brbnne Teriial :|||:'L';!4_r of |_|:1_I ]nu_-.]u;_'tt l_.|||_e l]l_’l!“l:—j r}l"
rhu 'p'l.'|:|i:1:I:- ".'-’i|| ]3.,_- |h‘-'lI|.H'|"tiH.l|]iI| s .'-".'k I:-u‘ 1|ia—.t'.|:|:]|‘y;i!l£_»_’ ':”1”“] 1.'u-|-
wnes of waber,  Taldes TTL, VI, VL show that the section -'r-'.‘ iri-
creases & the initinl angle of the bucekets inereases, and that it must
bec greiter for the intlow than for the oty henes the t|1:|_1r||
of the wheel wmst be greater for the inllow for delivering the
sane volume of water,

11, But the swne volume of water deliversd by the inflow does
more work than that of the cuttlow s the depehs shonld be as by,
dividel by the efticieney.  Thos in Tubles VI and V1L, for
po= 00, and Tor the sone heads, S the velative depths should

b For erual works (T30 = (0828) = (150 == 0020} = 1.67.
L2, [n the outflow wheel, column (39, Table VL, shows that for

the oulllow for best effect the divection of the guitting water in
reference to the earth should be nearly radial (from T6° to 977),
bt for the inflow wheel the water is thrown forward in quitting
feolmmn [9] Table VIL)  Thiz alone shows that the velocity of
thir rirn should zoonewhat exeesd the relative final '."i:lnf'.il'.::.-' e le-
ward inthe bueket, as shown in columns (4) and (5).

13, In these tables 1 have given all the velocities in terms of
48 5,! A, and the cociceienta of tlis L-x]n'l_aﬁh‘irr]l will be the Jart
of the head which would produee that velosity iF the waler issoed
freely,  Im Tables V1 and VIL there is only one ecase, column
(33 of the former table, where the coeflicient exeeeds unity, and
the exeess is w0 siall i may be dizearded ; and it may he eaid
that in a propecly proportioned mebine with the conditions horve
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given, none of the velocitics will cqual that due to the head in
the supply chamber when running at boest offect,

LE The inflow turbine presents the best conditions for con-
struction for producing a given effect, the only apparent disad
vintage being an inereased fivst cost due to an inereased deptl.
or an increased dimmeter for producing a given amoont of wok,
The larger efficiency shonld, however, more than nentralize the
Inereased fivst cost,

Colummn (8} ehows that the efficieney, &, increases az the
amatial angle of the bueket, 47, inereases up to 120%,  The maxi-
mum will be for abont 1207 with this amount of frietion.
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