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Abstract The clayfills are being produced in open-pit

mining. The stress state in the stiff lumps of the clayfills is

significantly lower than in situ level. As a result, their

current states lie on the dry side of the critical state. The

linear Hvorslev surface is widely used due to its simplicity

and capability to model the limit stress condition of soils on

the dry side. However, it may overestimate the strength at

very low stress level. For this purpose, a series of drained

triaxial tests were performed on a silty clay at very small

stress levels. The failure points of the tested soil confirm a

nonlinear relationship in p0–q plane on the dry side of the

critical state. The degree of nonlinearity increases after

being normalized by the Hvorslev equivalent pressure,

which can be well modeled by a nonlinear power law

criterion proposed by Atkinson (Géotechnique

57(2):127–135, 2007). Based on the test data and the

critical state concept, a new failure line is proposed with

help of the equivalent Hvorslev pressure. The nonlinear

Hvorslev surface is then incorporated into an elastoplastic

model and a hypoplastic model. Comparisons between the

experimental data and simulations reveal that the proposed

models can well represent the behavior observed in the

laboratory.

Keywords Elastoplastic model � Hvorslev surface �
Hypoplastic model � Overconsolidated soils

1 Introduction

Natural soils usually experienced a surrounding stress level

higher than the current value. This may originate from,

e.g., erosion of the surface sedimentary layer, excavation of

the covering soils (in open-pit mining) or the changes in

groundwater level [6, 7, 12, 19]. Consequently, they have

lower void ratio and higher shear strength than the corre-

sponding normally consolidated soils. Some crucial engi-

neering issues are associated with the behavior of these

natural stiff clays, e.g., stabilization of excavated slope,

settlement of the deep foundation.

The mechanical behavior of overconsolidated clays was

investigated by many researchers, both experimentally and

theoretically. Some early laboratory works [11, 17]

revealed that the strength and pore water pressure

(undrained tests) or volumetric deformation drained tests

were significantly affected by the consolidation history.

Under drained conditions, the heavily overconsolidated

soils may show a peak strength and strain softening after-

wards. A failure process can also be observed in undrained

triaxial tests accompanied by shear localization [4].

Hvorslev [17] used a direct shear box to investigate the

shear strength of overconsolidated soils. The failure data

for overconsolidated soils can be adequately approximated

by a linear relationship in the p0–q stress plane (p0 is the

effective mean stress and q is the deviatoric stress). This

The original version of this article was revised: Equations (19), (32)

and (33) and notations ‘OC-50kPa-1’, ‘OC-50kPa-2’, ‘OC-50kPa-3’,

‘OC-50kPa-4’ were incorrect. Now, these errors have been corrected.
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linear relationship was implemented in the constitutive

models by several researchers [27, 34, 39].

However, some recent works [1, 10] show that a linear

line cannot fit the peak strength of the highly overconsoli-

dated clays accurately, especially at the low stress level. For

this reason, curved lines have been used to represent the peak

strength on the dry side of the critical state [36, 38].However,

these models for the dry side are relatively complicated,

which may limit their application.

Natural stiff clays usually possess some degree of inter-

particle bonding and cementation during the deposition

history in the geological history. For simplicity, the inter-

particle bonding is excluded in this study, and only the

overconsolidation related to void ratio is analyzed. In this

study, a series of triaxial tests are presented for a silty clay

with various consolidation ratios. More attention is paid to

the small stress level range, which is comparable, e.g., with

the stress state close to the surface of deep excavations.

Based on the test results, a nonlinear power law crite-

rion [1] will be used for the basis of the model together

with the critical state concept [28, 29].

2 Laboratory investigations

2.1 Material and test procedures

The soil used in this study is a silty clay. It was taken from

a highway subsoil in Dresden. The basic physical proper-

ties are given in Table 1. The organic content is 2.0 %. The

original material was first mixed with water and then

sieved through a mesh opening of 0.425 mm to exclude

coarse grains from the natural soil. Due to a high initial

water content of the slurry, the soil was first exposed to air

for a period of time until it reached the desired value (1.5

times the liquid limit).

The slurry was poured into a consolidometer (with a

diameter of 3.8 cm) and then consolidated to 80 kPa by

gradually adding slotted weights on the weight hanger. The

duration of each load increment was 2–4 days. After being

fully consolidated, the specimens were extruded out from

the consolidometer and trimmed into 7.6-cm height. It

should be noted that the slurry for the isotropic consoli-

dation test and triaxial test was prepared at the same water

content, since the initial water content has a significant

influence on the compression and shear strength of the

reconstituted clays [15, 16, 32].

Three types of triaxial tests were conducted: (1)

undrained triaxial tests for normally consolidated clay; (2)

load-controlled tests in the lightly overconsolidated stress

range; (3) mixed-controlled (stress controlled and dis-

placement controlled) tests in the heavily overconsolidated

stress range. The predefined stress paths of the second type

are shown in Fig. 1 (left). The samples were first isotrop-

ically consolidated to 800 kPa and subsequently unloaded

to the prescribed cell pressure. The following triaxial stress

path is composed by two parts, a conventional drained

triaxial stress path ðdq
dp0 ¼ 3Þ followed by a stress path with a

constant axial force acting on the loading cap (load con-

trolled tests). A decrease of p0 was achieved by increasing

the back pressure with a given rate. The decrease of q was

related to the increase in the cross-sectional area of tested

samples.

Figure 1 (right) shows the predefined stress paths of the

third type. After being unloaded to the desired cell pres-

sure, linear stress paths with increasing or decreasing p0

were followed. In this way, the soil could be tested at a

relatively low stress level. These types of tests were per-

formed under mixed-controlled conditions. The samples

were compressed along the axial direction with a constant

shear velocity (displacement controlled), and the radial

pressure was adjusted to meet the predefined stress path

(stress controlled). A LabVIEW program was used to keep

a constant stress increment ratio (dq
dp0) during the tests. The

cell pressure decreased (or increased) with an increase in

the axial force acting at the loading cap. For more details of

the LabVIEW program, see [3, 33]. Similar test program

was used by Atkinson [1] to identify the failure points of a

heavily overconsolidated soil.

2.2 Test results and analysis

After Butterfield [5], the normal compression line can be

expressed as:

ln v ¼ N� � k� ln p0=prð Þ; ð1Þ

where pr ¼ 1 kPa is the reference stress, N� corresponds to
the logarithmic value of the specific volume at a reference

stress of pr ¼ 1 kPa, and k� is the slope of the normal

compression line in a double logarithmic v–p0 plane (v

being the specific volume). The corresponding swelling

line can be represented as:

ln v ¼ N� � k� ln p0c=pr
� �

þ j� ln p0c=p
0� �
; ð2Þ

Table 1 Basic physical properties of the tested silty clay

Density of particles (g/cm3) Liquid limit (%) Plastic limit (%) Clay (%) Silt (%) Sand (%) Gravel

2.62 34.0 17.5 20 70 9 1
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where pc is the maximum consolidation pressure and j� is
the slope of the swelling line in ln v–ln p0 plane.

The experimental stress paths of the second type of

triaxial tests are shown in Fig. 2 (three test data are pro-

vided with the consolidation pressure of 200 kPa). The

stress path can be divided into three possible stages: it

initially follows the conventional triaxial stress path to a

certain stress state, then the deviatoric stress shows a

decrease induced by an increase in the back pressure (the

axial force remains constant). Finally, the deviatoric stress

decreases and tends toward the critical state line.

The mobilized friction angle is used to determine the

strength of the soil. It is defined as:

/m ¼ arcsin
r01 � r03
r01 þ r03

� �
; ð3Þ

where r01 and r03 are the major and minor principal stresses,

respectively. The failure points correspond to the maxi-

mum mobilized friction angle, and they are plotted in the

p0–q plane. Since the samples in Fig. 2 were not heavily

overconsolidated, an approximately linear relationship

between p0 and q can be observed in the tested stress range.

This type of failure surface was widely used for overcon-

solidated soils (e.g., [27, 39]).

Figure 3 shows the stress paths of the four triaxial tests

of type-3 (OC-50kPa-1, OC-50kPa-2, and OC-50kPa-3

were preconsolidated at 800 kPa, and OC-50kPa-4 has a

preconsolidation pressure of 200 kPa). The failure points

are also presented at the state of maximum mobilized

friction angle. To included the influence of void ratio, the

test data can be normalized by the Hvorslev equivalent

pressure p0e
�
[17] considering:

p0e
� ¼ exp

N� � ln vf

k�

� �
; ð4Þ

where vf ¼ v0 expð�evfÞ is the specific volume at the failure

point obtained from the corresponding volumetric strain evf ,
and v0 is the initial void ratio of samples. The failure points at

the normalized stress plane are shown in Fig. 4. It can be seen

that all data follow a unique curve representing a nonlinear

relationship between p0=p0e
�
and q=p0e

�:

3 Double logarithmic Hvorslev surface

After Hvorslev [17], the failure envelope of overconsoli-

dated soils can be represented as a straight line. However,

this gives satisfactory results only for soils with low and

Fig. 1 Schematic figure of the applied stress paths: left type-2, right type-3
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intermediate overconsolidation ratios. Atkinson [1] per-

formed series of triaxial tests on kaolin clay and observed

that the linear relationship might overestimate the strength

at a low stress level. This is confined by the test results in

this study. Atkinson [1] proposed two methods that con-

sider the consolidation history (see also [2]). The simpler

one is adopted here—it is a linear relationship in double

logarithmic plot between p
p0e

� and
q
p0e

�,

q

Mp0e
� ¼ a

p0

p0e
�

� �b

; ð5Þ

where M is a strength parameter defining the critical state

line, a and b are model parameters which are not inde-

pendent. Note that the normalization pressure p0e
�
adopted

in this study, see Eq. (4), is different from that used by

Atkinson [1].

As shown in Fig. 5, the revised Hvorslev surface meets

the yield surface of the modified Cam clay model at the

critical state, qcs ¼ Mpcs (the subscript cs termed as the

critical state). Thus, Eq. (5) can be simplified as:

a ¼ p0cs
p0e

�

� �ð1�bÞ
ð6Þ

pcs being related to vcs (specific volume at the critical

state) according to the critical state line:

p0cs ¼ exp
C� ln vcs

k�

� �
; ð7Þ

where C controls the position of the critical state line,

corresponding to the logarithmic value of the specific

volume at a reference stress of 1 kPa. Note that vf in

Eq. (4) is the same as vcs at the critical state. Combining

Eqs. (6), (4), and (7), one obtains:

a ¼ exp
C� N�ð Þð1� bÞ

k�

� �
: ð8Þ

In usual elasto-plastic models, the position of the critical

state line is sufficiently defined by the yield surface on the

wet side, e.g., the following expression holds for the

modified Cam clay model:

C� N� ¼ � k� � j�ð Þ ln 2 ð9Þ

Using Eq. (2), the Hvorslev equivalent pressure can also

be expressed as a function of the preconsolidation pressure

p0c and the current effective mean stress p0:

p0e
� ¼ p0c

1�j�=k�ð Þ
p0

j�=k� ð10Þ

Substitution of Eqs. (8)–(10) into Eq. (5), one gets the

yield surface on the dry side (assuming that the yield

surface is consistent with the Hvorslev surface).

Logarithmic form is used here for its representation:

ln
q

M

� �
� bþ j�

k�
ð1� bÞ

� 	
ln p0

¼ 1� j�

k�

� �
ð1� bÞ ln p0c

2

� �
: ð11Þ

It can be seen that the proposed modification of the

Hvorslev surface is a rather simple equation compared with

some other published models [36, 38]. The peak strength of

reconstituted soils results from the interlocking between

the soil aggregates [35]. Therefore, in the classical critical

state models (e.g., [26, 27]), the zero-tension line is

incorporated into the state boundary surface to avoid the

‘‘cohesion’’ effect [30, 31]. In the presented model, the

nonlinear parameter b for the reconstituted soil is

calibrated from the real experimental data, which are

consistent with the no-tension assumption.

4 Elastoplastic model

4.1 Elastic behavior

Within the framework of elasto-plasticity, the deformations

are recoverable within the current yield surface. The elastic

volumetric strain increment can be derived from the

swelling line in ln p0–ln v relationship:
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Fig. 4 Normalization of failure points by the Hvorslev equivalent

pressure

Fig. 5 Schematic figure for the revised Hvorslev surface within the

critical state concept
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deev ¼ j�
dp0

p0
: ð12Þ

The elastic deviatoric strain increment can be expressed

as:

dees ¼
2ð1þ mÞ
9ð1� 2mÞ j

� dq

p0
; ð13Þ

where v is the Poisson’s ratio.

4.2 The yield and plastic potential surfaces

Equation (11) was derived from the modified Cam clay

model, in which the effective mean stress at the apex of the

ellipse (critical state) is half of the preconsolidation pres-

sure p0c on the p0 axis. A generalization of the modified

Cam clay model was proposed by McDowell and Hau [24]:

fw ¼ q2 þ M2

1� k

p0

p0c

� �2
k

p0c
2 �M2p02

1� k
¼ 0; ðk 6¼ 1Þ; ð14Þ

where fw denotes the definition of the yield surface on the

wet side of critical state, and k controls the shape of the

yield surface. Obviously, the modified Cam clay model

corresponds to k ¼ 2 in the generalized model.

The test results from CU triaxial tests on the normally

consolidated soil are presented in v–p plot (Fig. 6). The

normal compression line and the critical state lines, using

three values of k (1.6, 1.8 and 2.0), are also plotted in

Fig. 6. It can be seen that the model with k ¼ 1:8 fits the

data better than the standard modified Cam clay model

(k = 2.0).1 In the sequel, Eq. (14) with k ¼ 1:8 will be

used for the yield surface on the wet side of the critical

state. Consequently, the location of the critical state line

[Eq. (9)] should be adjusted as follows:

C� N� ¼ � k� � j�ð Þ ln n ð15Þ

ln n ¼ k

2k � 2
ln k ð16Þ

Considering Eqs. (5), (8), (10), and (15), the Hvorslev

surface with Eq. (11) is revised as:

fd ¼ ln
q

M

� �
� bþ j�

k�
ð1� bÞ

� 	
ln p0

� 1� j�

k�

� �
ð1� bÞ ln p0c

n

� �
¼ 0

ð17Þ

Herewith, Eqs. (14) and (17) are the yield surfaces on

the wet and dry side, respectively.

Regarding the plastic potential function, the disadvan-

tages of the associated flow rule were discussed by Potts

and Zdravkovic [27]: (1) it overestimates the shear dila-

tancy on the dry side; (2) a discontinuity for direction of

strain increments arises. A nonassociated flow rule can

overcome the above shortcomings [34, 36]. In this study,

the associated flow rule was used on the wet side, i.e.,

gw ¼ fw, whereas, on the dry side, the non-associated flow

was used. The plastic potential function on the dry side is

expressed as:

gd ¼ q2 þ M2

1� k

p0

p0c

� �2
k

p0c
2 �M2p02

1� k
¼ 0; ðk 6¼ 1Þ ð18Þ

4.3 Hardening parameter

The hardening (softening) behavior is supposed to be iso-

tropic and controlled by the preconsolidation pressure p0c,

which corresponds to the intersection between the yield

surface (on the wet side) and the p0 axis. Hence, p0c is a

function of the plastic volumetric strain ev:

dp0c ¼
p0c

k� � j�
depv ¼

p0c
k� � j�

og

op0
df ð19Þ

where df is the scalar multiplier. Note that a linear

relationship is assumed in the double logarithmic plot

between specific volume v and effective mean stress p0.
The hardening (softening) parameter H is expressed as:

H ¼ � 1

df
ofi

op0c
dp0c; ði ¼ w; dÞ ð20Þ

From Eqs. (14), (17), (19), and (20), it follows:

H ¼
4M2p0c M2p02 � q2

� �

k2 k� � j�ð Þ
p0c
p0

� � 1�2
kð Þ

ð21Þ

on the wet side of the critical state and
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Fig. 6 Test data (CU tests) of the normally consolidated soil and the

critical state lines

1 For the soil tested in this study, the effect of one-dimensional

preconsolidation (80 kPa) may affect the volumetric deformation at

low confining stress levels (e.g., 100 and 200 kPa). In this case, the

modified Cam clay model ðk ¼ 2:0Þ may perform satisfactorily on the

wet side. However, k is further considered for a flexible adjustment of

the critical state line, which may be advantageous for other soils.
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H ¼
2ð1� bÞ M2p02 � q2

� �

k�kp0
ð22Þ

on the dry side of the critical state. The standard elasto-

plastic matrix ½Dep� requires the differentiation of the stress

components, which can be calculated from Eqs. (14) and

(17) and the chain rule.

5 Hypoplastic model

In classical elastoplastic models, the soil behavior is divi-

ded into two regimes (elastic and elastoplastic). These

models have the following shortcomings: (1) the definition

of elastic zone is problematic, especially for clayey soils;

(2) in numerical calculations, the relative location of stress

state and current yield surface should be checked in each

incremental step, which increases its complexity.

Hypoplastic model can avoid the mentioned disadvantages.

Early hypoplastic models were developed for granular

materials (e.g., [9, 13, 18, 37]). In recent years, some

hypoplastic models were proposed for fine-grained soils

(e.g., [14, 20, 25]).

Mašı́n [21, 22] proposed a framework which incorpo-

rated an asymptotic state boundary surface of an arbitrary

predefined shape into a hypoplastic model. In this way, the

logarithmic Hvorslev surface in Sect. 3 can be incorporated

into the hypoplastic model. Compared with the modified

Cam clay model, the hypoplastic Cam clay model [21] can

predict (1) a nonlinear response inside the asymptotic state

boundary surface (denoted as ASBS in the sequel) with

gradually decreasing stiffness and (2) a lower peak strength

at the overconsolidated state than the elasto-plastic Cam

clay model. However, the strength is still significantly

estimated (refer to the model evaluation in the next sec-

tion). This is the consequence of the predefined shape

(ellipse) of the ASBS. In the following, a modification of

the hypoplastic Cam clay model is proposed by incorpo-

rating the logarithmic Hvorslev surface.

5.1 Basic hypoplastic formulation

The rate formulation of hypoplastic models can be char-

acterized by the following equation [9]:

drij ¼ �f s Lijkl : dekl þ �fdNij k dekl k
� �

; ð23Þ

where drij and dekl are the stress and strain rate tensors,

respectively, �f s is a barotropy factor controlling the influence

of mean stress and �fd is a pyknotropy factor, which incor-

porates the overconsolidation effect, Lijkl and Nij are the

fourth- and second-order constitutive tensors, respectively.

As shown by Mašı́n and Herle [23], the asymptotic state

boundary surface (ASBS) can be found for any formulation

of the hypoplastic models. In the p0–q plane, the ASBS

crosses the p0 axis at p0c defined as the size of ASBS. In this

study, p0c is used as the normalization stress: �rij ¼ rij=p0c.
Differentiation of the stress tensor follows:

d�rij ¼
drij
p0c

� rij
p02c

dp0c ð24Þ

p0c can be derived from Eq. (2):

dp0c ¼
p0c

k� � j�
dev � j�

dp0

p0

� �
: ð25Þ

The stress (strain) invariants were used in Eq. (25): ev ¼
eii and p0 ¼ rii=3. Combination of Eqs. (23)–(25) leads to:

d�rij ¼
�fs
p0c

Lijkl : dekl þ �fdNij k dekl k
� �

� rij
p0cðk

� � j�Þ dev � j�
dp0

p0

� �
: ð26Þ

Note that Eq. (26) is different from that derived by

Mašı́n [21], since he used the Hvorslev equivalent pressure

[Eq. (4)] as the normalization stress. Analogously to the

derivation procedures after Mašı́n [21], assuming the

ASBS changes only in size during asymptotic stretching,

i.e., d�rij ¼ 0; Nij can be eliminated. Finally, the hypoplastic

model can be expressed as:

drij ¼ �fsLijkl : dekl � v
�fd
�fAd

Aijkl :
deAkl

k deAkl k
k ekl k ð27Þ

where �f Ad is the value of �fd corresponding to the ASBS, and

deAkl is the asymptotic strain rate depending on the stress

state. The parameters in Eq. (27) follow from:

Aijkl ¼ v�f sLijkl �
rij

k� � j�
� dkl ð28Þ

v ¼ k�

k� � j�
ð29Þ

Lijkl ¼ Iijkl þ
m

1� 2m
dij � dkl; ð30Þ

where � denotes the tensor product, and dkl is Kronecker’s
symbol. If j� ¼ 0, Eqs. (27)–(29) are identical to Mašı́n’s

hypoplastic Cam clay model. In this case, the size of the

ASBS corresponds to the Hvorslev equivalent pressure.

5.2 Incorporation of the logarithmic Hvorslev

surface

The pyknotropy factor �f d in Eq. (27) governs the nonlinear

behavior inside the state boundary surface. Similarly to the

definition by Mašı́n [20],
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�f d ¼
np0

p0c
; ð31Þ

where n controls the shape of the ASBS on the wet side

[see Eq. (14)]. The pyknotropy factor satisfies the follow-

ing conditions: fd ¼ 0 for p0 ¼ 0 and fd ¼ 1 at the critical

state.

In the p0–q plane, the ASBS is divided into two parts: the

logarithmic Hvorslev surface [Eq. (17)] on the dry side and

the surface of the generalized modified Cam clay model on

the wet side [Eq. (14)]. �f Ad (the value of �f d at the ASBS) can

be derived from Eqs. (14), (17), and (31):

�fAd ¼ n
M2 � g2ð1� kÞ

M2

� �k=ð2�2kÞ
ð32Þ

on the wet side, and

�fAd ¼ M

g

� �1=ð1�b�j�ð1�bÞ=k�Þ
ð33Þ

on the dry side of the critical state.

The asymptotic strain-rate direction is assumed to be

normal to the potential surface g of the elastoplastic model

(Sect. 3):

deAkl
k deAkl k

¼
og
orij

k og
orij

k

¼ 9ksij=p
0 � 2 M2 � g2ð Þdij

k 9ksij=p0 � 2 M2 � g2ð Þdij k

ð34Þ

where g ¼ q=p0 is the stress ratio, and sij ¼ rij � p0dij is the
deviatoric stress tensor.

The barotropy factor �f s can be derived from the isotropic

form of Eq. (27). Applying algebraic manipulation, one

obtains:

�f s ¼
3p0

�f d=�f
A
d þ 1

�f d=�f
A
d

k�
þ 1

j�

� �
1� 2m
1þ m

ð35Þ

Equations (27)–(35) give a complete formulation of the

hypoplastic model. Note that the value of �f d at the ASBS is

characterized by different equations for the dry [Eq. (33)]

and wet side [Eq. (32)].

6 Analysis of the model and its evaluation

6.1 Model parameters

Both proposed models, elastoplastic one and the

hypoplastic one, have seven constitutive parameters, i.e.,

M, N�, k�, j�, m, k and b. Five of them are analog to those

in the modified Cam clay model [28]: the strength

parameter M can be calculated from the strength data of

normally consolidated soils; N� and k� define the Normal

Compression Line in the ln v–ln p compression plane, j� is
the slope of the swelling line in double logarithmic plot.

The parameter k defines the shape of the SBS for the

elasto-plastic model (or ASBS for the hypoplastic model)

on the wet side. Its influence will not be investigated in this

study, since it was analyzed by McDowell and Hau [24].

The potential surface also depends on k. A new parameter

b was introduced to consider the nonlinearity of the SBS

(or ASBS) on the dry side in the p
p0e

�–
q
p0e

� plane. The Hvorslev

surface is affected also by j�=k�. Figure 7 shows the

evolution of the SBS (or ASBS) on the dry side with dif-

ferent values of j�=k� and b. The following values were

employed in the calculations: M ¼ 1 and k ¼ 2 (both the

modified Cam clay model and hypoplastic Cam clay

model). In the first case, four different values of j�=k� (0.1,
0.3, 0.5, and 1.0) were adopted, and b ¼ 0:7 was fixed. For

the analysis of b, j�=k� ¼ 0:3 was fixed, and four different

values (0.5, 0.6, 0.7, and 1.0) were considered.

It can be seen in Fig. 7 that both factors have significant

influence on the SBS (or ASBS). The degree of nonlin-

earity decreases with the increase of b. The value of j�=k�

determines the location of the critical state in terms of p
p0e

�-
q
p0e

� relationship. For j�=k� ¼ 1 or b ¼ 1, the model corre-

sponds to the yield surface of the Drucker–Prager model

[8].

6.2 Analysis of the models

In this section, the proposed elastoplastic and hypoplastic

models will be compared with others formulations,

including the modified Cam clay model and Mašı́n’s

hypoplastic Cam clay model.2 The differences between

those models will be analyzed. The material parameters

used for the proposed models are presented in Table 2.

Poisson’s ratio in both models can be calibrated by trial and

error method. To predict comparable stiffness within the

semi-elastic regime, the hypoplastic model and elasto-

plastic model have different values of Poisson’s ratio

depending on their formulations and other model parame-

ters (elastoplastic model, m ¼ 0:2 and the hypoplastic

model, m ¼ 0:3).

Both the modified Cam clay model and Mašı́n’s

hypoplastic Cam clay model have five parameters: M, N�,

k�, j�, and m. Their values also correspond to Table 2. The

preconsolidation pressure is assumed to be 500 kPa. Five

different overconsolidation ratios (OCR = 10, 5, 2.5, 1.25,

1) are considered in drained conditions. The model pre-

dictions are shown in Figs. 8, 9, 10, and 11. The results are

2 Note that the size of the ASBS p0c is used as the normalization

stress—Eqs. (24) and (27).
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represented in four different planes: (1) p0–q, (2) es–q, (3)
p0–v, and (4) p0=p0e

�
–q=p0e

�
.

The peak strengths predicted by the elastoplastic models

in the overconsolidation range lie on the initial yield sur-

face. However, the hypoplastic models predict lower val-

ues. This effect can be explained as follows: in the

elastoplasticity, the size of the initial yield surface remains

constant during the elastic deformation and shrinks after-

wards due to shear dilatancy. Nevertheless, the size of the

ASBS of the hypoplastic model changes with void ratio no

mater whether the stress lies inside or on the ASBS.

Therefore, the hypoplastic model predicts a lower shear

strength than the corresponding elastoplastic model. Still,

for the proposed hypoplastic model (Fig. 11), the peak

strength is very close to the Hvorslev surface.

6.3 Validation of the model

The calibration of the shape parameter b is shown in

Fig. 12. One can notice a reasonable linear relationship

between the normalized stress invariants in the double

logarithmic plot. Poisson’s ratio v was calibrated by trial

and error. The summary of all model parameters calibrated

for the soil described in Sect. 2 is given in Table 3. Note
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Fig. 7 Evolution of the nonlinear Hvorslev surface for different

values of j�=k� and b, respectively

Table 2 Model parameters of the proposed models

M N� k� j� k b v
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Fig. 8 Predictions of of drained triaxial tests with different OCR

using the modified Cam clay model
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that different values of Poisson’s ratio are used for the

hypoplastic model (0.20) and the elastoplastic model

(0.25).

To investigate the influence of the preconsolidation

pressure, a triaxial test with p0c ¼ 200 kPa was evaluated.

From the model parameters in Table 3, one can calculate the

nonlinear Hvorslev surfaces at different preconsolidation

pressures (Fig. 13). The failure points from the triaxial tests

at different p0c are also shown in this figure. The comparison
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Fig. 9 Predictions of of drained triaxial tests with different OCR

using the proposed elastoplastic model
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Fig. 10 Predictions of of drained triaxial tests with different OCR

using Mašı́n’s hypoplastic Cam clay model
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between the model and the test data reveals a satisfactory

performance, although there is a slight difference between

the model and the test data at a higher stress level.
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Fig. 11 Predictions of of drained triaxial tests with different OCR

using the proposed hypoplastic model
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Table 3 Model parameters of the tested soil (elastoplastic model and

hypoplastic model)

M N� k� j� k b v
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Fig. 14 Laboratory results and numerical simulations using the

elastoplastic model (CU triaxial tests on normally consolidated soil)
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Figure 14 shows the stress paths for the normally con-

solidated Dresden clay in undrained triaxial tests. The

experimental data show stress paths with decreasing p0

which follow the critical state line afterwards. This

behavior reveals the response of a medium dense sand,

which may be caused by the considerable content of the silt

(70 %) and sand (9 %) in the tested soil. The calculated
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stress paths of the normally consolidated samples approach

the critical state line and stop there.

As shown in Fig. 2, a linear Hvorslev line can well

represent the failure behavior of the Dresden clay within a

slightly overconsolidated state. However, at a low stress

level, the failure points deviate substantially from the linear

Hvorslev line. Three samples (designated as OC-50kPa-1,

OC-50kPa-2, and OC-50kPa-3, respectively) were
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isotropically consolidated to a mean effective stress of

800 kPa and another 1–200 kPa (designated as OC-50kPa-

4, respectively). Afterwards, they were allowed to swell to

50 kPa, resulting in OCR = 16 and 4, respectively. Since

the volumetric deformation of test-OC-50kPa-1 in the post-

peak regime is not reliable due to a technical problem, only
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hypoplastic models

0

20

40

60

80

100

120

10 20 30 40 50 60

q 
/ k

P
a

p′ / kPa

Experiment
Hypo Cam clay model

Hypoplastic model (this paper)
Critical State Line

0

20

40

60

80

100

120

0.0 2.0 4.0 6.0 8.0 10.0

q 
/ k

P
a

εs / %

Experiment
Hypo Cam clay model

Hypoplastic model (this paper)

1.52

1.54

1.56

1.58

1.60

1.62

1.64

10 20 30 40 50 60

v=
1+

e

p′ / kPa

Experiment
Hypo Cam clay model

Hypoplastic model (this paper)
Swelling Line

Critical State Line

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

0.25 0.30 0.35 0.40 0.45 0.50 0.55 0.60

q/
p′ e∗

p′/p′
e
∗

Experiment
Hypo Cam clay model

Hypoplastic model (this paper)
Critical State

Fig. 20 Laboratory results and numerical simulations (OC-50kPa-4):

hypoplastic models

Acta Geotechnica (2017) 12:809–823 821

123



three tests, OC-50kPa-2, OC-50kPa-3, and OC-50kPa-4 are

used for the validation of the model.

Figures 15, 16, and 17 (elastoplastic model) and

Figs. 18, 19, and 20 (hypoplastic model) show the com-

parison between the experimental data and the model

predictions. The corresponding results of the modified Cam

clay model and hypoplastic Cam clay model are also given

in these figures for comparisons. The experimental stress

paths have constant slopes in p0–q; however, two distinct

stages can be distinguished when being normalized by the

Hvorslev equivalent pressure p0e
�
. Initially, decreasing

p0=p0e
�
indicates a semi-elastic range, subsequently, after

reaching the failure point, the state travels along the revised

Hvorslev surface.

From the results in Figs. 15, 16, and 17, it is evident that

the proposed model can sufficiently well reproduce the

evolution of the deviatoric stress for the three samples with

a preconsolidation pressure of 800 kPa. The deviatoric

stress increases within the initial yield surface, then it

decreases toward the critical state line following the pre-

defined stress path. The model can predict quite well the

volumetric behavior. It should be noticed that, the experi-

mental data cannot reach the critical state even after a large

shear deformation (axial strain = 20 %). Nevertheless, the

critical state can be simulated in the numerical simulations.

It can be seen from Figs. 18, 19, and 20 that the pro-

posed hypoplastic model also provides satisfactory results.

Moreover, it predicts smoother stress strain curves than the

elastoplastic model. Hypoplastic Cam clay model overes-

timates the shear strength significantly.

7 Conclusions

The linear Hvorslev surface may overestimate the strength

of heavily overconsolidated soils. For this case, a nonlinear

Hvorslev surface was formulated for the dry side of the soil

behavior. The following conclusions can be drawn from the

evaluation of the experimental and model data:

1. The failure points of the tested soil show a nonlinear

relationship in p0–q plane on the dry side of the critical

state. The nonlinearity increases after being normal-

ized by the Hvorslev equivalent pressure.

2. A new failure surface was formulated based on the

critical state concept and the proposal by Atkinson [1].

In this formulation, the stress invariants (p0 and q) at

the failure points are normalized by the equivalent

Hvorslev pressure on the normal consolidation line.

3. The yield surface proposed by McDowell and

Hau [24] was used on the wet side of the critical state

due to its flexibility. An additional shape parameter

k adjusts the location of the Critical State Line and is

coupled to the Hvorslev surface.

4. The nonlinear Hvorslev surface was incorporated into

the elastoplastic model and the hypoplastic model.

Comparisons between the experimental data and the

simulations reveal that the proposed model can well

represent the stress–strain and volumetric behavior

observed in the laboratory. On the contrary, the

standard formulations of the elastoplastic and

hypoplastic models dramatically overestimate the

shear strength in the high overconsolidated range.

Acknowledgments The first author gratefully acknowledges the

China Scholarship Council for grant scholarship number

201206090014. The reviewers are also appreciated for their excellent

comments and suggestions.

References

1. Atkinson J (2007) Peak strength of overconsolidated clays.
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