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Imequalities for distribution functions
(F(z) denotes the c.d.f. of therandom variable X and ¢ denotes a positive constant; further m is always assumed to be finfte and all expectations are assumed to exist.)

Inequality Conditions
26.1.35 Pr{g(X) >t} <E[g(X) )t @) g(X)>0
26.1.36 Pr({X >t} <mlt (i) Pr{X<0]=0
- (i) E(X)=m
F@o 21—
26.1.37 Pri{|X—m|=tc} <1/ i) EX)=m &
1 (i) E(X—m)i=¢?
F(m+te) — F(m—io) 21—5
26.1.38 ; O B(X)=
= i D=m;
Pr{|X—m|>ic} £ oy (i) E(X;—m)i=q? ‘
(i) E(X.—milX,—m;])=0(53)
n
sy Twn X
iv) X= ‘ﬂl?’
i
m-- —J' o=
26.1.39 ; [E :I
- (i) E(X—m)i=q?
4 1+(m z.-,) (i) F(z) is & continuous ¢.d.i.
Pr(|X—m|2>1le] < A P (iii) F(z) is unimodal at z,°
-
4 1+(m:% '
F(m+te)— F(m—id) 21-—9 *:m)"ﬁ
g
26.1.40 Pr{|X—m|>tc} <4/98 (i) B(X—m)i=¢o?
(ii) F(x) is a continuous c.d.f.
F(m+to) — F(m—to) Zl—ﬁ (iii) F(z) is unimodal at z;*
(iv) m=x,
wy—oat . -
26.1.41 Pr{|X—m|>ic} < h-__m+t‘¢r‘—2ﬂa' (53 EE§_2¥=::
—t =
F(m+te) — F(m—1to) Zlmm

8xq i3 such that F'(ze)>> F'(z) for z#zs.

26.2. Normal or Gaussian Probability Function

—22/2

26.2.1 Z() =ﬁ ¢

=‘/% f _:., o3y f : Z(t)dt
___ﬁ f " ety f " Zwydt

26.2.4 A(x)ﬂLz_f T f " Z(t)dt

o) =

26.2.2 P(z)

26.2.3 Q(z)

26.2.5 P(x)+Q(x)=1
26.2.6 P(—2)=Q(z)
26.2.7 A(z)=2P(z)—1

Probability Integral with Mean m and Variance o?

A random variable X is said to be normally
distributed with mean m and variance o if the
probability that X is less than or equal to z is
given by

26.2.8
Pr{X<z}=

z (i—m)?
L f ez di
cr\/21r -
1 (z=m) /e
"o J-
The corresponding probability density function
is
26.2.9
(z—m)?
2—m T—m ™
- z( )_
P ( ) ar-'/21r
and is symmetric around m, i.e.
m-+2\_ [ m—r\
Z( v >_Z( 7 )

The inflexion points of the probability density
function are at m-=+o.

,s;gdt =P T—m
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Power Series (x>0)

( 1)nz3n+l
P{ )"' +1j21rn2-0n12u(2ﬂ'+1)

26.2.10

26.2.11

nt1
P@) =520 3 g5

(2n+1)

Asymptotic Expansions (x>>0)

26.2.12
Z(2) 1,1-3
Q(;{:} 2 {1 a:2|:c."|"-..
(—1)"1.3. (2n—1)}
L 2?2" +Ra
where
R,=(—1)*"1.3 ... (2n41) : E%T(f-% dt

which is less in absolute value than the first
neglected term.

26.2.13

(z) Z(&:) 1
m’+2T (z*+2) (z’+4)

CES) (z’-l-‘-l) (9:’4-6) }

where a,=1, a;=1, a;=5, a,=9, ;=129 and the
general term is

@n—1)+2¢1-3. ..
(2n—5)+ .

(2n—3)
. 2%, 4

an=0csl 3 ...
+2%,1-3. ..

and ¢, is the coefficient of ¢** in the expansion of
tit—1) . .. (tI—n+1).

Continued Fraction Expansions

26.2.14
2 3 4
Q)= Z(ﬂ{a;a;ﬁ'} (z>0)
26.2.15

Q(x) =5

Polynomial and Rational Approximations? for P(x)

and Z(x)
<zl
26.2.16
1
it s 2 3 =
P(z)=1—2Z(z) (at+ast*+-ast*) +-¢(2), b=z I
le(z) |[<1X 1078
p=.33267 a;=.43618 36
a,=—.12016 76
a;=.93729 80
26.2.17
P(:E)=1""Z(.T)(blt"l-bztn+b3ts+b4t‘+bsti)+E(z),
t= .
T+pz

le(z)|<7.5% 10~

p=.23164 19
b= .31938 1530 by=—1.82125 5978
b,=—.35656 3782 bs= 1.33027 4429
by= 1.78147 7937

26.2.18
P(z)= 1”"" (1+-e1z+c 22452 +czt) ~*4e(2)
le(z)|<2.5 X104
0,=.196854 ¢;=.000344
c,=.115194 ¢¢=.019527

26.2.19

P(a)=1—4 (1-+dia-+dai+d?

+dgt +d®+dea®) " +-e(2)

le(x)|<<1.5X10~7
d,=.04986 73470 —.00003 80036
d,;=.02114 10081  ds=.00004 88906
d;=.00327 76263 ds=.00000 53830

26.2.20 Z(z)=(ay+a:x*+aaxi+aa) " +e(2)
le(2)[<2.7X1073
a,=2.490895 a,=—.024393
a;=1.466003 ay= .178257
7 Based on approximations in C. Hastings, Jr., Approxi-

mations for digital computers. Princeton Univ. Press,
Princeton, N.J., 1955 (with permission).
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26I2.21

Z(x) = (bo+baz®+biz* + bz’ + bz + by o2') - e(2)
le(z)|<2.3X107*

by=2.50523 67 by= .13064 69
b,=1.28312 04 by=—.02024 90
b= .22647 18 b= .00391 32
Rational Approximations 7 for x, where Q(x,;)=p
0<p<.5
26.2.22
5 Go+aqt .
=t irhirha T P 1= \/h“
le(p)[<<3X107°
ay=2.30753 =.99229
o= 27061  b,—.04481
26.2.23
Co+cyt+cot? i
=t 3 t= —_—
G T TR o R \/ Ins
le(p)|<4.5X107%
€ =2.515517  d,=1.432788
o= .802853  d,= .189269
= .010328  dy= .001308

Bounds Useful as Ap‘proximatic;nai to the Normal
Distribution Function

26.2.24
1.1
P\(2) =§—I—§ (1—e—2tx)h (z>0)
P(z)<
Py(x)= 1_L’H_”22)i';‘” (2r) ~de=212

(2>14)
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26.2.25

[ P ]
Pa.(z) =%’+‘% (1 —e _2:2"_2‘_('1:;,—1_3) e _32{2)
(z>0)
(z>2.2)

P(z) >4

Py(z)=1—2 (@r)~te-12
L z

See Figure 26.1 for error curves.
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Ficure 26.1. curves for bounds

distribution.

Error on normal

Derivatives of the Normal Probability Density Funection

26.2.26 Z" (p)= dm Z(J‘.‘)

Differential Equation

26.2.21 Z™+9 (3) +3Zm+0 () + (m+1)Z™ (2) =0

Value at x=0
26.2.28
—1\m/2
u—%!— for m=2r,r=0,1, . ..
m/2f "\
Zm (0)= V212 (2)

0 for odd m >0
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