














8-6 FREQUENCY ANALYSIS

When the number of occurrences of a discrete variate is divided by the total number
of occurrences, the result is a probability p of the variate. The total probability
for all variates should be equal to unity, or =p = 1. Distribution of the probabilities
of all variates, instead of their frequencies, is called probability distribution (Fig. 8-1-1a).

The ordinates of the frequency distribution and its corresponding probability
distribution are obviously proportional to each other. Both distributions may be
called statistical distributions.

The cumulative probability of a variate (Fig. 8-I-1b) is the probability that the
random variable has a value equal to or less than certain assigned value, say =z.
This cumulative probability may be designated as P(X < z). Thus, the probability
of being equal to or greater than z is equal to 1-P(X < z) or designated by PixX >t

2. For Continuous Random Variables. For continuous random variables, the
probability of a variate can be considered as the probability p(z) of a discrete value
grouped in the range from z to « + Az. As z is a continuous value or Az becomes dz,
the probability p(z) becomes a continuous function called probability density.
The cumulative probability P(X < z) is an integral function of the probability density
(Fig. 8-1-1b), or :

PX <2 = / _: p(z) dz (8-I-1)

where the probability distribution is considered unlimited. When the upper limit
of £ = o, P(X <) =1. If the probability distribution is limited, or the prob-
ability density p(z) is defined only for a range of a < x < b, the above equation is
also valid by assuming that p(z) = 0 for values outside the range of z.

C. Statistical Parameters

The characteristics of a statistical distribution may be described by statistical
parameters. While such parameters are many, only the important ones are defined
below:

1. Measures of Central Tendency. The parameters generally representing
measures of the central tendency of a statistical distribution are the averages, including
mean, median, and mode.

a. The Mean. There are three kinds of mean: arithmetic, geometric, and harmonic.

The familiar arithmetic mean is usually referred to simply as the mean and is desig-
nated by :

2z

L= 5 (8-1-2)

where z is the variate and N is the total number of observations. The above equation
gives the sample mean, while the population mean is usually denoted by x. It may
be noted that an unbiased estimate of the population mean is equal to the sample
mean.

The geometric mean is the Nth root of the product of N terms or can be designated by

Fyiz= (my s xpopn.> » xN) VN (8-1-3)

The logarithm of the geometric mean is obviously the mean of the logarithms of the
individual values. In alognormal distribution, the geometric mean has the properties
analogous to those of the arithmetic mean of a normal distribution.

The harmonic mean is the reciprocal of the mean value of the reciprocals of individual
values. It can be expressed as

N
=3 1/2) (8-1-4)

* Theoretically, for discrete variables,1 — P(X < 7) = P(X >2)orl — P(X < z) =
P(X > z), since P(X < 2) + P(X = z) + P(X > ) = 1; and for continuous variables,
1 —P(X <2) = P(X > ), since P(X =2z) is infinitesimal. For practical purposes,
P(X < x) + P(X > 2) = 1 is acceptable for both discrete and continuous variables.
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b. The Median. The median is the middle value or the variate which divides the
frequencies in a distribution into two equal portions.

The arithmetic mean is more commonly used than other measures of central tend-
ency as a ‘normal’’ or “standard’” on account of its computational simplicity and,
in general, its greater sampling stability. For example, the U.S. Weather Bureau
has a long-established practice of using the mean as the precipitation normal. How-
ever, in extremely skew distributions the mean may be misleading. In such cases, the
median will provide a better indication, particularly for a continuous variable because
all variates greater or less than the median always occur half the time. Also, the use
of median makes it easy to locate an internal estimate by adding and subtracting a
specified amount from this central value so that the portions of the distribution outside
the interval have the same probability.

¢. The Mode. In a distribution of discrete variables, the mode is the variate which
occurs most frequently. In a distribution of continuous variables, this is the variate
which has a maximum probability density, i.e., dp/dz = 0 and d*p/dz? < 0.

2. Measures of Variability. The important parameters representing variability
or dispersion of a distribution are mean deviation, standard deviation, variance, range,
and coefficient of variation.

a. The Mean Deviation. The mean of the absolute deviations of values from their
mean is called mean deviation, or

3|z —

M.D. N

(8-1-5)

This parameter was used frequently to describe meteorological data, but it has been
now superseded largely by the standard deviation.

b. The Standard Deviation. This parameter as a measure of variability is most
adaptable to statistical analysis. It is the square root of the mean-squared deviation
of individual measurements from their mean and is designated by

2z — u)t
¢ = V——N— (8-1-6)

This equation represents the standard deviation of the population. An unbiased
estimate of this parameter from the sample is denoted by s and computed by

gits 233: :ii)2 2] \/;Ji 2 (x — 32 (8-I-7)

where 22 = (Zz?)/N.
The standard deviation of the sampling distribution of a statistical parameter is
known as the standard error of that parameter. It can be shown that the standard

error of the mean is o/ \/N , the standard error of the standard deviation is o/ \/ Qﬁ,
and the standard error of the difference between the means of samples from two
independent populations is \/ez? + 32 where oz = 0./\/N; and o5 = 0,/ V/ N>
with ¢, and o, equal to the standard deviations from the two populations and N, and
N equal to the numbers of variates sampled from the respective populations.

¢. The Variance. The square of the standard deviation is called variance, which is
denoted by o2 for the population. The unbiased estimate of the population variance
gt

d. The Range. The difference between the largest and the smallest values is the
range.

e. The Coefficient of Variation. The standard deviation divided by the mean is
called the coefficient of variation, or

G =

(8-1-8)

b -
8l
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3. Measures of Skewness. The lack of symmetry of a distribution is called
skewness or asymmetry. The statistical parameter to measure this property is the
skewness defined as

B (8-19)

This equation represents the skewness for the population. An unbiased estimate of
this parameter from the sample is

N 3
“=(N—1)(N—2)Z(”_’”)a
N2

= m__z) (8 — 32°% + 273) (8-1-10)

where z¢ = (22%) /N and other notations have been defined previously.
One commonly used measure of skewness is the coefficient of skewness represented by

C, =

Lls
%l s

(8-I-11)

For a symmetrical distribution, C; = 0. A distribution with C, > 0 is said to be
skewed to the right (with a long tail on the right side), while a distribution with
C, < 0 is said to be skewed to the left.

Another measure of skewness often used in practice is Pearson’s skewness, or

p —mode Z — mode

Sk (8-I-12)

o S

D. Statistical Moments

In a statistical distribution, the 7th moment about the origin = 0 of the variates

Z1, T2, . . ., Tk, having a weighted mean Z,is
3 k
e AR _ (8-1-13)
i=1
where p; is the frequency or probability of z; and N = Zp; with ¢ = ok

The 7th (central) moment about the weighted mean # of the variates 21, zs, . . . ,
Lk, is :

k
Hr = % Z pi(Ti — p)" (8-1-14)
i=1
For the first three moments, with » = 1, 2, and 3, it can be shown that
gi= 0
ue = vz — »2 = ¢g? (8-1-15)
us = vz — 3var1 + 213 = gl
and vy =12
ve = po + »,? (8-1-16)

ps + 3uavy + »id

The above equations show that the mean is equal to the first moment about the origin,
the standard deviation is the square root of the second moment about the mean, and
the skewness is the third moment about the mean divided by the cube of the standard
deviation. For a detailed discussion of the statistical moments, see Refs. 8, 73, and 74.

Moments of order higher than three are not commonly used in the statistical analy-
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sis of hydrologic data because most hydrologic data do not have sufficiently long length
of record and thus cannot warrant reliable estimates of the moments of higher order.

E. Hydrologic Models, Processes, and Systems

Hydrologic models considered here are mathematical formulations to simulate natural
hydrologic phenomena which are considered as processes or as systems.

Any phenomenon which undergoes continuous changes particularly with respect to
time may be called a process. As practically all hydrologic phenomena change with
time, they are hydrologic processes. If the chance of occurrence of the variables
involved in such a process is ignored and the model is considered to follow a definite
law of certainty but not any law of probability, the process and its model are described
as deterministic. On the other hand, if the chance of occurrence of the variables is
taken into consideration and the concept of probability is introduced in formulating
the model, the process and its model are described as stochastic or probabilistic. For
example, the conventional routing of flood flow through a reservoir is a deterministic
process (Sec. 25-11), and the mathematical formulation of the unit-hydrograph theory
(Subsec. 14-II1I) is a deterministic model. As the probability of the flow is taken into
account in the probability routing (Subsec. 14-V-C), the process and the queuing
model employed to simulate the process are considered as stochastic or probabilistic.

Strictly speaking, a stochastic process is different from a probabilistic process, as
the former is generally considered as time-dependent and the latter as time-independ-
ent. For the time-independent probabilistic process, the sequence of occurrence of
the variates involved in the process is ignored and the chance of their occurrence is
assumed to follow a definite probability distribution in which variables are considered
pure-random. For the time-dependent stochastic process, the sequence of occurrence
of the variates is observed and the variables may be either pure-random or non-pure-
random, but the probability distribution of the variables may or may not vary with
time. If pure-random, the members of the time series are independent among them-
selves and thus constitute a. random sequence. If mon-pure-random, the members
of the time series are dependent among themselves, are composed of a deterministic
component and a pure-random component, and thus constitute a nonrandom sequence.
For example, the flow-duration-curve procedure (Subsec. 14-V-A) is probabilistic,
whereas the probability routing mentioned above is stochastic.

In reality, all hydrologic processes are more or less stochastic. They have been
assumed deterministic or probabilistic only to simplify their analysis. Mathemati-
cally speaking, a stochastic process is a family of random variables X (¢) which is a
function of time (or other parameters) and whose variate z; is running along in time ¢
within a range 7. Quantitatively, the stochastic process, which may be discrete or
continuous, can be sampled continuously or at discrete or uniform intervals of ¢ = 1,
2, . . ., and the values of the sample form a sequence of z1, x5, . . . , starting from a
certain time and extending for a period of 7. This sequence of sampled values is
known as a time series, which may be discrete or continuous. For example, a hydro-
graph is a continuous time series. Daily, monthly, and annual discharges represent a
discrete time series.

The random variable X (¢) has a certain probability distribution. If this distribution
remains constant throughout the process, the process and the time series are said to
be stationary. Otherwise, they are nonstationary. For example, a virgin flow
(Subsec. 14-I) with no significant change in river-basin characteristics or climatic
conditions for the period of record is considered as a stationary time series. If it is
affected by man’s activities in the river basin or nature’s large accidental or slow
modifications of the rainfall and runoff conditions, the recorded or historical flow is a
nonstationary time series. Since a nonstationary process is very complicated mathe
matically, hydrologic processes are generally treated as stationary.

For clarity, the classification of hydrologic processes may be shown below. It may
be noted that actual hydrologic processes are processes following the path of the heavy
line while the processes following the thin lines are only approximations which may be
assumed in order to simplify the analysis.

e AT T, e o
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Hydrologilc process

|
Deterministic process Stochastic or probabilistic process
( Chance-independent) (Chance-dependent )
Probabilistic process Stochastic process

( Time-independent or sequence ignored) (Time-dependent or sequence considered)

I

Pure-random process  Pure-random process Non-pure-random process

=

Stationary process Nonstationary process
(Time-independent (Time-dependent
distribution) distribution)

In this section, the probabilistic models and the frequency analysis of the prob-
abilistic process are mainly discussed, since the stochastic process and various sto-
chastic models are covered in several other sections, including Section 8-I11 (moving
averages, sum of harmonics, autoregression, correlograms), Section 8-IV (Markov
process), Section 18 (queuing theory), Section 14 (ranges, queuing theory, theory of
storage), and Section 26-1I (stochastic programming models).

A system is an aggregation or assemblage of objects united by some form of regular
interaction or independence. The system is said to be dynamic if there is a process
taking place in it. If the process is considered probabilistic or stochastic, the system
is said to be stochastic. Otherwise, it is a deterministic system. Furthermore, the
system is called sequential if it consists of input, output, and some working fluid
(matter, energy, or information) known as throughput passing through the system.
The hydrologic cycle or a drainage basin is a sequential, dynamic system in which
water is a major throughput. Since a stochastic system is very complicated analyti-
cally, the hydrologic system has been generally treated as deterministic and its formula-
tion by deterministic models, such as instantaneous unit hydrographs, has been
proposed (Subsec. 14-IIT).

For detailed mathematical discussions on stochastic processes and on systems, see
Refs. 75-82.

F. Statistical Homogeneity

The nature of homogeneity in hydrologic processes can be examined statistically
with respect to time and space.

1. Time Homogeneity—Trend, Periodicity, and Persistence. A process or
time series may be considered time-homogeneous if the identical events under considera-
tion in the series are equally likely to occur at all times. Thus, purely random and
stationary processes or time series are time-homogeneous. In hydrology, strictly
time-homogeneous data are practically nonexistent because various kinds of variations
of natural or artificial causes exist in most hydrologic phenomena. However, such
variations, if appreciable, may be analyzed by various techniques.

Types of departure from true time homogeneity in hydrologic data may be roughly
classified as trend, periodicity, and persistence.

a. Trend. This is a unidirectional diminishing or increasing change in the average
value of a hydrologic variable, such as the trend of annual precipitation that is often
plainly visible on a plotted graph. A number of statistical techniques may be used
to determine the trend. A commonly used method is to analyze the trend by the
method of moving averages (Subsec. 8-III-II-B).

i NG i
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b. Periodicity. This represents a regular or oscillatory form of variations, such as
diurnal, seasonal, and secular changes that exist frequently in hydrologic phenomena.
Such variations are of nearly constant length and they may be assumed sinusoidal and
determined by harmonic analysis.

In the harmonic analysis a Fourier series is used to represent the time series z;,

Z3, . . . , zy of a total period of length T':
T/2 ] :
2 = 1540 + 2 (A,- cos 32‘3” + B; sin 3—67(31)5 (8-I-17)
ji=1

where A, is a constant, ¢ is the time, and the coefficients 4, and B; are amplitudes
being expressed by

N
2 3605t
= b z Y COS TJ (8-1-17a)
t=1
N,
2\ . 360
Bi=% Z wesin =2 (8-1-17b)
t=1

where ¥, is the deviation of z; from the arithmetic straight-line trend for the period
selected, with j = 1, 2, . . . , and N being the number of years of record used in the
analysis. The sum of the squared amplitudes is

R2 = A;? + B2 (8-I-17¢)

If no periodic fluctuations are present in the series; that is, if the series is a pure-
random (nonautocorrelated) series of N terms having a normal distribution, the
mean-squared amplitude of the series is

442

Rn?
N

(8-I-174)
where o2 is the variance of the series ;.
If the series has periodic fluctuations, three tests for periodicity are available [83-85]:
(1) Schuster Test. According to Schuster [86], the probability P, in per cent that
the squared amplitude R;? is k times the mean-squared amplitude R..? is

P, st (8-1-18)
h R TR TR (8-1-184)
W ere = If—mz = —inr, -1-15a

The value of R;? for a given series can be tested to see if it differs from R,? derived
from a pure-random series. It is apparent that the higher the probability P, the more
likely the series is pure-random since the hypothesis being tested is that the series is
pure-random. Generally P, = 10 per cent may be taken as the level of significance.
The corresponding value of k = 2.303. Thus, R,® = 2.303R,? = 9.212s%/N.
Computing this value and substituting it in Eqgs. (8-I-17a to ¢), the value of j can be
computed. The possible hidden periodicity is equal to 7'/j.

(2) Walker Test. According to Walker [87], the probability that at least one
squared amplitude R,? will be k times R,,? is

P,=1— (1 — ek (8-1-19)

which may be used for a periodicity test as in the Schuster test.
(3) Fisher Test. Let R;?be the largest of the squared amplitudes B;2. According
to Fisher [88], the probability P, that R,?/2s?, where s? is the unbiased estimate of

I
g
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¢, is greater than a given value g is

m
Pr= ) (=1 (1) a - ig-t (8-1-20)
i=0 :
where m is the greatest integer less than 1/g, and j = 1, 2, . . . is the number of

periods. This probability may be used for a periodicity test as in the Schuster test.

It must be noted that the above tests are based on normal distribution of the
deviations and they apply only to strict periodicity and to nonautocorrelated data.
Therefore, before using these tests, the effect of persistence or autocorrelation should
be eliminated and the deviations be known as reasonably normally distributed.

Periodicity of secular nature is a matter of controversy [89]. Although the 11-year
sunspot cycle is generally believed to have effect of various degrees upon hydrologic
phenomena through the corresponding variations in solar radiant energy, statistical
tests of possible astronomical effects on hydrologic phenomena have failed to show
any statistical significance. Huntington [90] believed that very long secular variations
are really not truly cyclic and therefore described them as pulsations.

Because of the seasonal effect on most hydrologic phenomena, water year instead of
calendar year is usually adopted for the analysis of annual data. The water year will
vary somewhat materially with the climatic conditions in various parts of the world.
Water year usually starts when the ground and surface storage are both reduced to a
minimum. The U.S. Geological Survey arranges the runoff data for a water year
from October 1 to September 30. In England, the water year from September 1 to
August 31 is sometimes used. Brakensiek [91] suggested that an optimum water
year for tabulating water yield data can be determined by correlation analysis.

c. Persistence. This means that the successive members of a time series are linked
among themselves in some persistent manner, resulting in non-pure-randomness.
Due to meteorological and climatic causes, it has been found that wet years tend to
occur in groups and dry years to occur together likewise. - This tendency in grouping
having the carryover effect of the immediate antecedent hydrologic conditions is the
indication of the presence of persistence in hydrologic phenomena.

Since the carryover effect plays a significant part in hydrologic phenomena, it and
hence the persistence are inversely related to the time interval between observations of
such effects. When the time interval is shorter, the carryover effect or the persistence
becomes more pronounced. As the effect of persistence exists, the degree of pure-
randomness of the hydrologic data reduces. The magnitude of persistence may be
determined by serial correlation analysis and correlograms (Subsec. 8-IV-II). It has
been found that the magnitude depends on the type of hydrologic data; for example,
it is higher in streamflows than in rainfalls.

Leopold [92] has described the nature of persistence with reference to probability
analysis applied to a water-supply problem. He pointed out that Hurst [93] analyzed
the longest record of river stage in the world (1,050 years of recorded stage of the Nile
at the Roda gage) and obtained the evidence that the tendency for wet years to occur
together and dry years together increased variability of means of various periods.
In other words, the variability of groups of streamflows in their natural order of
occurrence is actually larger than if the same flows occurred in random sequence.
To illustrate this point, Leopold prepared Fig. 8-1-2 to show the variability of mean
values of streamflow for records of various lengths. The dashed curve was plotted
with grouped data taken from some longest streamflow records in the United States
and Europe. If the annual streamflows were to occur in random sequence, the vari-
ability of means of groups would decrease inversely as the square root of the number
of years comprising the group. Thus, the means of 100-year groups would be 1/ /100
or 1/10 as variable as 1-year values. The solid curve represents this random-sequence
data. The difference between the dashed and solid curves represents the effect of
persistence.





























































































